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CHAPTER I 

QUADRATIC EQUATION! 

- j 11 . Degree of an Equation. An equation which 18**. 

deiTrf- t0 / atl0T } al and integral form contains terms of^uX 

deJree the .™ kn ° wn Quantity, say, x and none of the higher 
degree, is said to be an equation of nth degree in x. 

.. Thus 0*4-6=°, ax*+bx+c= 0 , asS-f 6z»-f-rf= 0 are eaua- 
ona of first, second, third degree, respectively. The equations 
of first, second, third, fourth and fifth"degree" are also 9 known 
Linear, Quadratic, Cubic, Quatric and Quintic respectively. 

Ex. Determine the degree of the following equations 


(0 


2 *+ l = 3 - (») V*+~ x =9 

1 


(m) -—f- 3 . 

x 


Sol: 




(0 2 *+ 


i 

^- = 3 when written with positive integral 

indices of x is 2 z*+l= 3 z. Highest degree in* beine 2 th« 
equation is of the second degree ’ g ’ he 


<•») 


V'*+—r- = 9 . 

V* 


• ♦ 


(*») 


Squaring both sides, we get x-\- ——f- 2 = 81 . 

X 

1=0 which is a second degree equation 


*+ 3 . 

X 


t. 


Taking cubes of both sides (1 -(-3 ^ 

Multiplying by x 3 we get *»(l+* 2 ) = (l+3a ) : '. 
It is a fifth degree equation in r . 
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l.H. We are here mainly concerned with the second 
degree equation in x (or what is known as the Quadratic 
Equation), e-g*, 

9x 2 -hl2ar+li=0, 3z-{--^-=9, «+v^5=l. 

X 

The equation ax 2 -\-bx-\-c— 0 , is called the general quadratic 

equation in x and a t 6 , c are called co-efficients of x 2 t x and the 

constant term respectively. 

1*2. Solution of an Equation. The values of the un¬ 
known quantity or the variable for which the equation is satis¬ 
fied are called roots of the equation and the process of finding 
them is called solving the equation. 

Thus x— 3=0 is an equation which is satisfied when .t=3 
3 is a root of this equation. Similarly x 2 — 5z-f 6=0 is satis¬ 
fied by .t= 3 or 2. Thus 2 and 3 are roots of a: 2 —5.r+6=0. 


Ex. 1. Solve 2* 2 +llx-f-15=0. 

Sol. Since 2 x 2 -f -1 la:+15=2* 2 + 5a;-f6:c4-15 

=(2*+5)(*+3). 

/* 2* 2 -|-11 x +15=0, when (2g+5)(&+3)=0, i.e. y when 

2 x-f-5=0 or x-f 3=0 either X— or ar= —3. 

Hence the roots are —§ and—3. 

The method used above is called the method of factors. 
Another Important Method : — 

We have 2x 2 -f1ls+15=0 


or 

or 


x*+-L x+ 2^ =0> (Divide by Co-efficient of a 2 ) 

,,U ,121 121 15 

* + ~ 2 x+ 16 " 16 ~ 2 ' 


(Complete the square by adding cn both sides a suitable 
number and shift constant to the other side.) 



121-120 



16 
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# 


( ‘•+t) ! '-(4■) 


11 


X 1 ~A ~ =5 zL- 


1 

4 • 

3 , — 

(of/Art. T.3) h0d iS Called the meth0d of completing the square. 
Ohs^vation. The advantage with the second method is 

the factor^oftheTf^h 6Ven if jt be nut P ossib,t ‘ t0 f<nd : 

Iactors of the left hand side expression. Thus e g 

3 a: 2 + 5 *+!==(). 

Here we cannot factorise L. H. S. but dividing by 3 


we get 


**+4* f =°- 


/. / r + iV = /l\ 2 1 13 

v =36- 


» • 


x+ b 


x= 


V13. 

t> * 

-5rtVl3 

(i 


Ex. 2 . Solve a _l —~—_9 

x—a 


Transposing we get 


a , b 
X~b~ l +^- 1=0 > 


or a + h r* , v +b-x 

. it * -w 


x—b 


x — a 


i.e. (a +b - x) 

.‘. either a ^b—x= 0 , i.e., x=a+b ■ 

y 

° r *4 +i-V =° 2*-<a+6)=0, or *=“±1. 

Caution j-It is important to observe tint if ■ r 
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should not only be cancelled but should be equated to zero 
also, and the values of the variable so found are also roots of 
the original equation. Thus in a; 3 4-5^=—6a; one root is x=0 
- and in ar 1 -f-5a^= —6a; 2 two roots are repeated eaeh=0. 

J\[ote Division by zero is inadmissible and the student 
is advised never to divide both sides of an equation by an ex¬ 
pression which is equal to zero This sometimes leads to 
absurd results as illustrated below 

Let x=a. 

Then x 2 —ax 

Also x 2 —a 2 =ax—a 2 y i.e., (x-fa)(x— a) —a(x—a) 

x-\-a=a or a~\-a—a 

2 a=a, i.e. 2=1. 

Ex. 3. Solve -6=2 

Here v /x+6=2-}-^ ~x —6. 

Squaring both sides, x+6=x—6+4+4v'a , '--6 

S-^ly'x—6 or 2—\x— 

Squaring 4=x—6 x=10. (It satisfies the equation). 


EXERCISE I 

Solve the following equations : 

1 . (t) 6 x 2 —5x-f 1 = 0 . ~ (ii) 6x 2 -f x—2=0. 
(m) x 3 -bx 2 —2x=0.'‘- 

3a;-f-l x -f3 


' / - i — —- 

2. 4a; 2 — 2(p-\-q)x+pq—i), 


3. 


2 x+l x+2 • 


5 . vx~i- 4 -b V x— 4 = 4 . 


6 . 


x b _ a-\-b b 2 

a x ~~ x ^ ax * 

6 a;—5 3x 2 -5 2a:—if 


9 


+ 


4 x 2 -f 5 


7. 


*-*+'-* 2 . 8 . 

-4 z-6 z-Vr’-t x+Vz’-l 


X 


9.v/3x 2 +7x + 5=0. 

a;—1 x—2 


11. Solve: 


10 . ~+2x=9 

25 

x- 5 x — 6 


x—2 x —3 x—6 


12 


V2x+6-v a;— 1 — 2 . 


(H. S. 1949 .) 
(ff.S. 1947 .) 
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13 To solve the general qu ulratic equation 

Let «x 2 +i/:-(-c=0 

lie a quadratic equation where a is not zero. 

Transfusing c , to the other side, we have 

ax--\-lx— — c. 

Dividing Doth sides by a , the on.efficient of :r\ we have 

, | b 

X + *— a .(81 


a 


Adding / 


b 


\ 2 a ) l 8 q uai '© of half the co-efficient of x in (2)] 
10 * )o1 ^ 8 ^ e8 > so that L. H. S. is a complete square we get 

,.a + ^ + /iy /ft y c 

a h \2a' ~Vi>a / “ a 

(x+i V JZrJXL 

\ 2a / 4a 2 * 


or 


Taking the square root, we get 


*+* = i > /b *~ 4 _ ac or xm -i±yt>-4ac 

2a 


2a 


Hence the roots of the equation are 


(3) 


-b+Vb a -4ac an( , -b-Vb«-4ac 

2a 2a 

It shows that a quadratic equation has two roots . It will 
be proved later that it cannot have more than two roots • 


Hote — A slightly different method is found in ‘JBij Ganita, 
of Bhaskracharya, a well-known Hindu Mathematician of the 
13th century. After transposing c to the right-hand side, ho 
multiplies the equation by 4a and adds b z to each side, thus : — 


ax?-\-bz——c. 

4a 2 x 2 -\-4abx= — 4ac or 4a 2 x 2 \-4abz-\-b 2 ^b 2 —iac 
/. (2ar-f-&) 2 =6 2 —4ac or 2 az-\-b=^^/b 2 —iac 


• •#* • 


• « 


a;ss 


— b±. v 6 2 —4ac 
2a 
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Ex. 1. Solve 6z 2 + 7z— 3=0. 

7 3 * 

Dividing by 6 , we have x 2 ~\—- x = - 5 -=- 

b 6 

Adding to both sides, we get 

, , 7 / 7 \ 2 1 / 7 y 

• r +-6^+(l2> = 2- + (l2) 


1 

2 


or 


/ 7 \ 2 1 

( x +~ 12 / = ^2 + 


49 


*+-"l 2 = 


2 1 144 
72+49 

144 

11 

b 12 


-(b) 


... 11 7 1 

either a-jj—- 5—3 


or 


11 


a: — 


12 


7_ 

12 


3 

2 


Ex. 2. Solve 2x 2 —x{a ^2b)-\-a 2 -\~ab. 

The given equation is 2 x 2 -\-x(—a — 2b) — (a 2 -f ab)—Q. 
by the formula (3), we have 


x 


__ — (-a—26)^: y/(— a—26) 2 +4x 2(a 2 +a6> 

2x2 

o-}-26=b(3a + 26) , a 

= — — 4 - =a+b or — — 


EXERCISE II—A 


Solve : 


1. 10z 2 =--14-31z. 

3. a* 2 -26ar=l-6 2 . 


9a 2 —sc 2 
— ax 

yi. a ; 3 + 7a; 2 —21a;—27 


a a; 
a; ' a 




= 0 


2. 6a; 2 +5a;+3=0. 

1 1 


x —1 a;+l 

— a 26 
6 -fa; a-fa; 


= 1 . 


= 1 . 


[HintFactorise] (D.B.) 
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8. x 3 ~5x i -\-Qx—0. 


10 . + _i_ = .°+8 

2(a—6) 

12 . _*?-*! 


R 3a__ar—a 

a-6 + a + J = ~2T' 


11 . 


a—b 

g + I 
a 2 -J-a 


a 2 —a 


|n £t 

13. —t—- f-—r= 2 - 
6 ' a ;—6 


14. ab(\- x *)=(ax+b)(bx+a). 15. 

/f /U I M 


16. 5±|+*±1 = 4 

*-3 r !c-2 


a?+a 2 * 


. -- 2 — | . 3 

£— 1 ' a:—4 a;—2 ' x —3 * 


(D.B.) 


18 ‘ ax~\+bx-l~ a+b - 19 ‘ ab x l =(a+b)\x- 1). 

20 ( x —■ 2 &) (* ■+ «)+(s+ b) (x—a) = 2bx — 3ab ~b 2 . 

21. .r 4 —a 4 —(a: 2 —a 2 ) (2a: 2 —15a 2 ). 

22 1 j_ _ _. • . 1 _3 

x +b + »+26 "^s-J-36 ** x' 0 


1*31. Harder Solved Examples:_ 

Ex. 1. Solve: (a+*)*+(6-*)*=( fl +6)i 
Taking cubes of both sides, we get 

(«+*)+(6-*)+3(a+*)*(6_*)i[( B + a )i + ( 6 _ a )i] 

x i . =a+b 

\ But, (a+a:)3+(6- a! )4=(a+6)i [Important Step] 

Substituting this and simplifying, we get 

3{a+x)hb— *)^[(a-[-6)i]=0, 

or (a+®)'i(6-®)5=0 

(g4";7j)(&— x)= s: 0 

* * x— a and x=b (Both satisfy the equation) 
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_ __ -2 

Ex. 2. Solve : x/x + 7+ ' 

Squaring both sides, we get ^ 

*+7+*+2+2v'(*+7)(x+2)s56af+l P> ' 

X V~(*+T)(x+2) = 2*+2 

Squaring again we get 

(z+7)(*+2)=4(z+l) 2 

or a 2 +9a;H-14 — 4x 2 -j L 8a:-f-4 
or 3a: 2 —a:—10 =0 


l±yl4120 _ 

x_ - 


or- 


Substituting the values of x in the given equation, we fi 

_^ 

that a;=2 satisfies it while a-= - does not. 

Hence #=2 is the only solution. 

Extraneous Roots : — 

It may be observed that if at any step in the process of sol 
tion of an equation its both sides are squared, some extra sol 
tions are introduced which do not satisfy the original equati 
and are known as extraneous roots. Such solutions are general 
the roots of another equation obtained by changing the sign 

some of its radicals. In the above equation, for example,—; 

, « 

is root of x'x+l — V'*+2 = V6*+13 and now x=2 is its e 
traneous root. 


Ex. 3. Solve *-=- V2 ?.±* = h 

*+V2*+3 ** 

Here by componendo and dividendo we have 

s-f3=3v'2^‘ 

Squaring both sides, (ar~f-3) 2 =l&c 

or a*-f 6a:+9=18x 
*e. x 2 —12ar-j-9=0 

V2zk:y/U4—W 12rfcOV3 
X ~ ~ 2 "" ‘ " 2 

= 6=fc3v/3. 


x -4-3 
V 2x 
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£x 4. Find the possible values of 


» when 




= 6 . 


y 


Here let-- - 

x 


.. y=mx 

Hence given equation becomes 

x 2 -f 15 mx i —4 m 2 x 2 

x 2 -\-m?x 2 


or 

l + 15m—4m a 

l-f m 2 ■ ™” 

or 

l + ISw—4w 2 =6-f6m 2 

or 

10m* —15m-{-5=0 

or 

2m*-3m-f-l =*0 

• 

«.3±V»-8 

• • 

4 

‘ 3±1 , * 

- 4 i 

• 

• • 

y 

values of - are 1.1. 

x c 







EXERCISE II-B 

1 . [\+xft +(1—x)^ =a^ . 

2. (a+a;)* +(a-z)® =4(a 2 -a: i! )^ . 

3. (Urmxfi-{l-mxfi =*{4lmxfi . 

4. y/2x+8+\/x+5-=1. (Q. I960) 

5. y/2x+l+^x+4=3. _ (D. U. 1945) 

6. v/2*+l+V , 3*+ 2 =V'6*+3- 

7. Show that V2*-6— ^/4x—0 = y/4x+l has no root! 

[Hint. The roots obtained by the usual method do not 
satisfy the equation]. 

vra+vi-* 2 .^ 
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to 


9. Find the two values of x for which the expression 

I 3(«4*5) u xU I n 

*+i + li+Ij(*"=T) has the va,ue 7 ' 


AU ‘ 11 x f 2y~Zx+if “ nc * P ossl M e values of—. 

11. Find the values of — from 

(i) 5 A 2 ^1^ = i! /*-v ^-ay+y * 19 

— 6^ 2 6 * ' :r 2 4-rrw4-»/2 4.U * 


5xy —Ox 2 




12. Solve the equation : 


x*+xy+if 


49 * 


16 £“ 


1 + 2 ”J‘ 


(H. S. B > 




1.4. Application of Quadratic Equations in solving 
problems :— 


We now give a few problems the solution of which is 

xt. _ ^ . 1 .. i ' • _ - 


. O-— j/Avvivmo OIFJUWUU U1 WHICH 1» 

1 1 , based on the solution of a quadratic equation. 

I,; Ex. 1. Divide a line of length b into two parts such that 

I 1 .! £ Lv ~_ 4. _! - _ A • 1 1 . . .. , L 


|| the rectangle contained by that line and one part may be equal 
t to the square on the other. 

jjj Let x be one part of the line, then b—x is the other part. 

• • b{b—x)—x 2 or s 2 -|-6 :e—6 2 =0 

jh • *= 


= ^I±V5. 


, The sign oi square root of 5 is +t*e or — ve according as the 
.. line is divided internally or externally. 

. This corresponds to an example in Geometry, of dividing a 

gtven line in medial section. v 6 

... E* 2 The current of a stream runs at the rate of five miles 

; an hour. A motor boat goes ten miles up the stream and back 

t f lt . 3 starting point in 50 minutes. Find the speed of 
' r fhe motor-boat in still water. r 


1 J**' 8pee< * of the “ otor boat in still water be x miles 
; rer hour - The t,me in hou rs taken in the journey up the 
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stream is and in the journey down the stream it is 10 

10 10 50 


z-5 1 z +6 60 ’ 

or 10(£— 5-fz-f 5)=§ X {a 2 — 25) 

or 24x=x 2 -25 or s 2 -24z—25=0 

i.e. (x— 25)(s+l)=0. 

£=25 m. p. h. 

(The negative value —l, is rejected). 


EXERCISE III 

1. Divide 30 into two parts such that their product is 

200 . 

2 . Of six consecutive positive integers, the product of the 

last three exceeds the product of the first three by 816 ; find 
them. 

3. Divide a line 10 centimeters long internally into two- 
parts such that the rectangle contained by the whole line and 
one part may be twice the spuare on the other part. 

4. A person covers a distance of 100 miles in 2 hours. 
He rides 45 miles in one car and 55 miles ih another which 
travels 10 miles per hour faster than the first. Find the speeds 
of the cars. 

5. The area of a rectangle is 184 sq. ft. The length of 
the rectangle is 3 ft. 4 in. more than the breadth. Find the 
length and the breadth. 

MISCELLANEOUS EQUATIONS 

1.5. Equations reducible to Quadratic Equations- 

We give here, some of the types of equations which can be re¬ 
duced to quadratic equations* 

1-51. First Type : In equations of the type 

O£ 2n -f&£ n -f-C=0, 

if£ w is put equal to z the equation becomes az i -\-bz-\-c^O 
which is a quadratic equation in z. 

Ex. — Iht 3 -p 8=0, 

Here let s 3 —z. z 2 —9z-f8—0 

which gives z =8 or 1 , 
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i. e. t « 3 = 8 or ). 

x—2 or ]. (taking real values). 

1 .d 2 . Second Type : Equations of the form aX +~= c„ 

where a y h % c are constant and X is an expression containing 
the variable whose values are required. 


Ex. Solve 


V 



4 -r> 



or z *-5z + 6=0. z = 3 or 2 


V 


x 2l 2 

or 2 or -- =9 or 4 

z 2 — 2 


which easily gives 



or 



the four values of x which satisly the given equation. 

EXERCISE IV 
Solve the following equations : 

1. x 4 —5x 2 +6=0. 2. x 8 -20x 4 +64=0. 


3. x 8 9x 3 -j-8=0. 4. x 3 -{•-% 3 —2=0. 

2_ i 

5. x” — ax" — 6a 2 =0. 6. 2 ! *—3.2*+'+32=0. 

'?• 4 1+i +4 i- *= 10. 3 Zl —10.3 2 +9=0. 

I-* _ 1 


^\J 


-f 



6 * 


10 . 


( x ~ x) - 8 (*-t )+ 4=0 


(D.U. 1945, 47, 51 
and H. S. 46) 


11 (t) V x ! —3x= 4a; 2 — 12 a:— 3 . 
(«) x 2 +2 v /x 3 +2x+3 = ] 2 - 2x. 


(H. S. 1948) 


QUADRATIC EQUATIONS 


13 


13. 


14 


A / 2 **+*±? 4.9 A /*±**±i _ 3 =0 

V **+3*+l +2 V 2r>+x+2 3 °' 

/£*+!,. /* 2 -l ' 

V X 2 -1 + 6 V 2I 2 -!" 5 ’ 


15. 


I 3* 

v' x + l 


V 


/ *+1 

3z 


r 

a+x 6+x 


—2. 16. b~_^ x + aJrX — 2$.(1MJ.) 


1.53. Third type: Equation of the type 
(x-f*a) (x-fb) (x+c) (x-f-d)-f-k= 0 , 
where sum of two of the quantities a, 6, c, d , is equal to the 
sum of the other tw'o, can be solved as shown below. 


Ex, 1. Solve (x+l) (s+o) (x+3) (x-f7)=—15. 


Here l+7=3+5 

we get [(*+l)(*+7)][(x+5)(a;H-3)]=-15. 

i.e. % (^+8*+7)(* t +8«+15)«-15. 

Putting x 2 -f 8 x—z we get 

(z + 7)(z+15)=-15 
z*+ 22 z-}- 120=0 
z= —10 or— 12 . 
x 2 + 8 x=--i 0 or + 8 a:= — 12 . 

These give x=—4=i=v'& or *=—6 t —2. 

Ex. 2. Solve : (2a:—7) (x 2 -9) (2x+5)=9l. 


Here the given equation is 

(2*—7) (x-3) (x+3) (2x+5)=91 

or 

(2a:—7) (x+3) (2x+5) (a:—3)==91 

or 

(2a*—x—21) (2x 2 —x—15)=91 

Pat 

2x 9 —x—21 =y 

\ 

j,(y+21-l5)=91 

or 

y a +%—91=0 

• 

• • 

7,-13. 

• 

• • 

2x 2 —x—21=7 or 2x*-x—2l=—13 

i. e. y 

2x 2 ~ x— 28=0 or 2x 2 —x—8=0 

m 

0 » 

x=4, 2 or x- -J---. 
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EXERCISE V 

Solve the following equations : 

1. (»+l)(*+2)(*+3;(a:+4) + l=0. 

2. x(x—l)(x-f-2)(x—3)-f 8=0 

3. (x—*7)(x—3)(x-bl)(£+5)=1680. 

4. (x4-a)(#+3a)(x-f-5a)(#+7a) = 384a 4 . 

5. (12x-l)(6x-fl)(4x-l)(2x-l) = -l. 

[Hint. Here combine first and third, 
fourth factors.] 

6. x(x+t) 2 (x-f2) = 72. 

7 (*+2)(*+3)(*+5)(*+0)=5O4 (H 

8. 16x(x4-l)(x-j-2)(x-|-3)—9 


and second and 


(D. U. 1944) 
S. 1947, Q. 1950) 
(H. S. 1949) 

1.54. Fourth Type. Reciprocal Equations . If an equa¬ 
tion in x is unaltered by changing x into —, it is known as a 

cc 

reciprocal equation. In such an equation the co-efficients of 
terms equidistant from the beginning and end are equal and 
of the same or different signs ; for example : 

ax?+bx 2 -\- 6x-fa=0 ...(1) 

ai z —bx 2 -\-bx—a —0 --.(2) 

ax 4j rbx z -\-cx 2 -{-bx-\-a=0 ...(3) 

ax 4 — bx z -\-bx— a=0, .. (4) 

a,re reciprocal equations. Evidently a.i 4 — bx z -J-cx 2 -f- bx — a— 0 is 
not a reciprocal equation, but we shall see that the method of 
solution is the same in this case also. 

Important Conclusions : 

(j) When an equation is of even degree and co-efficients 
from the begining and end differ only in sign, as in (4) above, 
the middle term must be absent for a reciprocal equation. 

(it) By actual substitution it is clear that x=—1 is a 
root of (1), x= 1 is a root of (2) and x=d=l are roots of 
(4). We shall make use of this fact in solving equations of 
this type. We now' illustrate the method of solving these 
equations. 

Ex. 1. Solve : 2x 3 -—3x 2 — 3x-{-2=0. 

x— — 1 is obviously a root. Hence arranging, we get 

2(x 3 +i)-3x(x-j-l)=0 
cr (x +1 )[2(x 2 —x 4-1)—3x]=0 

or (x-H)(2x 2 —5x-{-2)=0 
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EXERCISE VI 

i° V 2 *a— 7* 1 +7*— 2 = 0 . 2 . 0 . 

3 2a4—3a: 2 —3a: 4-2=0. 4. a: 4 +3a*-3a;-l=0. 

5’ 2a: 4 -f 9x 3 +14z 2 +9x+2=0. 

6 * 2x rj -f 3^+3:4-2=123^+ 12a: 2 . 

7. 6 (x°+ L) +5 (*+ v) _38=0 - 

1 55. Fifth Type : Sometimes equations may be given 
involving square roots of quadratic expressions. Such equa¬ 
tions can be easily solved when <>ne linear factor happens to 
be common throughout as in the following example Care , 
however should be taken to see that the root corresponding to 
the cancelled out factor is also to be written. _ 

Ex. Solve : V* 4 +4*-2l + y/W-to-« 39. 

When expressions under the radicals are factorised we get 

y/(x—3 )(*+7) + V(i—3)(a:4-2) = V (*—3)(6*4- 

•^/a:—3=0 or a:=3 

and V*+ 7 +V*+*Wto+13. 

This is already solved as Ex, 2 Art. 1.31 page 8 * 

EXERCISE VII 

Solve the following equations : _ 

\ x 2 -f- 4 z— 5 -fy. **+— 0 =\/ 2 a^+9a :—11 • 

2 . x4-24- V^ 2 — 2 :— 6—5\/x4*2. 

3 . ^/^ a ^9x-i^4‘\, / 3(z 2 --5z^6 / =v / 7a: a -h8a;-hl> 

4 ’ y'a 2 ^ 2aa:—3a : 2 - y/a* •+ ax - 6 ar> = V 2a 2 4- 3aa:- 9a: 2 . 

5 y*TZ 16 -Yx—4)=< D - U * 1949 >* ^ 

6 . V **+6x—16 4- x^+x- b=V* 2 4 : 2a:-«• (D. U. 1948). 

7. y'i^4=v / « 2 —5a:H-4. (D. U. 1944). 

1.56. Solutions by Inspection: . 

(a) Some of the equations although not quadratics can be 
solved when a root is known by trial, 
eg. Solve ar*—4a^ 4~ 4a:— 1 =0. 
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Herex=l satisfies the given equation and after cancelling 
the factor x—1 from L. H. S. we get 
x 2 -f-x+l — 4x=0. 
or x 2 — 3x-fl —0. 

_3±y/9-4 


roots of equation are 


^ V 5 and 1. 

2 

(6) Sometimes consideration of an identity helps \to solve 
equationsj 

Solve : \/2x 2 —3x—o-j-'v/* 2 —3x-|-4= t r—*3. ...(») 

Identically we have 

(2x a —3x—5) — (x 2 — 3x-f 4)=x 2 —9 (ii) 

. # 

Dividing • ii) by (i) we have 

\/2.r 2 -3x^5 - \/x 2 -'Sx+*=x+Z —(in) 


Adding (i) and (m) and dividing by 

or 2x 2 ~3r—5=x* 
or x- — 3x— 5=0 


2 we have 





3±v/29 
2 " ' 


♦ 


EX.ERCISK.5III 

Solve the following equations : ' 

1. 2z : ' —7x 2 +7x—2=0. 2. x 3 -5,c J +x+10=0. 

3. x 2 +x 2 -x-I=0. 4. 2x 3 -f-3z 2 —2* —3=0. 

5. y/U*-U + 9 -y 2x*-t»x+4=3. 

6. V 5xM- 7x+ i - yj\z* +7x -H8=x - 4. 

7. + V** —«x+e-y/b+ \/c. 

8. V^s 2 —6x+8 — y/oz*— tit —7 = 1. 


(P. U. ltfeO) 


CHAPTER II 

SIMULTANEOUS QUADRATIC EQUATIONS 


No general rules can be laid down for the solution of 
quadratic equations involving two or more variables. The 
following articles will illustrate the various artifices employed 
for the solution of such equations. 

Equations involving two variables. 

21- By expressing one variable in terms of the other. 

Ex. 1. Solve 

ar-hxy=9 ...(1) 

y\xy= 8 . ...( 2 ) 

Subtracting (2) from ( 1 ), we have 

x-y= 1 or z=l +y ...(3) 

Substituting this in (1), we get 

i*fy+(i+y)y =9 

or y i +2y—$ =0 or (y-f 4)(y—2)=0 

which gives y =2 or —4 

and from (3) we get x =3 or —3 

Hence the roots are 


x=3 y—2 or x— —3 

Ex. 2. Solve 6 x 2 — 5 xy+y 2 

3x 2 -f-2 y+y 2 

Divijfng (I)-by x 2 > wfe get 

V* . y . r n 

- 5 -— O - hfi=0 

X 8 


y=-4. 

=0 
: 60. 



* • 


which gives^-|- —3 ^(— — 2„)=0 

%.€. f y—^,x 

or y=t 2x 

From (2) and (3), we get 

60, or 2z 2 -\-x— 10=0 

whence x-- 2 or — 
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from (3) y —6 or 


— 15 


2 * 


Again from (2) and (4), we have, 

7 a; 7 8 9 +far —60=0 


whence x— " f 90 

7 


and from (4) y= ^i4\/!06 ^ 


EXERCISE IX 

! Solve the following equations : 

1. 3x-2y=4 2. 

a 8 —3a;y= —2. 


3. :f+^==3 

y+xy=4 


% 

/ ' 


5. 3a?+4y=25 
a 4 

= 2 - 


2 . 2y- z+l=0 

3 - + --2=0. 
a; y 

4. (a;—«)(2/— 

_ y_ 

a b 

6 . 3a;—4w=5 


2*y5xy-3y*=0 


7. £ 2 4"&r^—^ s =16 

^^3?/=10. 

9. -t*+3^=15 


*)+y(6—y)=0 
x—y=a—b. 


s*—y 2 =5. 


tA 67 (> 

10. -.—4-=5 


38 




ti * 2 , / (H.S. 1946). 

: U- a; 8 — 1 / 8 = l 12LX&+6t, a -af6 

a^~2y 4 =l. (D. Q. 1951) ^+y=l. {K. U. 1950) 

13. 

( (K. U. 1951) 

2.2. By obtaining the values of the sum and difference of 
^he two variables: 

Ex. 1. Solve a: a -j-t/ 2 =53 -..(1) 

xy=U ..(2) 

Multiply (2) by 2 and then by addition and subtraction, 
we get . 


(K.U. 1951) 

difference of 
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(*+y) 2 =81 or x+y= ±9. 
or ( x —y) 2 = 25 or x — y= ±5. 

These results furnish four pairs of simple equations, viz*> 
x+y=9 x-\-y= 9 x+y=— 9 x+y=— 9 

x~y— 5, x—y=— 5, x—y=5, x—y=~5 

By addition and subtraction, we get 

x=7 x=2 x= — 2 x=—7 
y=2 y =7 y^=-7 y= —2. 

So that there are fowr solutions. 

b 


a 


Ex. 2. Solve —-|- —=2 


.r v 
a 2 b 2 

x 2 ~^~ y 2 


= 2 . 


...( 1 ) 

...( 2 ) 


By subtracting (2) from the square of (1), we get 

2 ab 

= 2 ' 


■ (»> 


From (2) and (3), we have 

(--•—— )* = 2—2 »«., 

V ;r v / 


a 6 

- — —— —' 0 . 
x y 




From (l) and (4) by addition and subtraction we have 

x=a and y=b. 

2.3. Some equations of degree higher than the second can 
also be solved by the above method. 


Ex. 1. * 3 -ft, 8 =351 
x- 4- y —9. 

Dividing (1) by (2), we get 

x 3 4 y 3 


...( 1 ) 

...( 2 ) 


x+y 


= 39, i.ex 2 —xy+y 2 ~ 39. ...(3)* 


Subtracting (3) from the square of (2), we get 

3xy=42, i.e., xy=M ...(4) 

Now from (3) and (4), we have 

(x — y) 2 =39—14=25 or x—y=±5 ...(6} 

From (2) and (5) by addition and subtraction, we have 

x~7 _ x=2 


AW 


V 


...(3) 


...(4) 

..(5) 


v=:s. 
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Ex. 2. Solve **+^=35 n 

^y-\-xy 2 = 30 ‘“(I) 

Adding 3 times (2) to (1). we get ”' (2) 

(3+0)3=125 
or x-f-f/=5. 

From (2), we have \ 

xy(x+y )=30 
* * xy~^. 

i^rom (3) and (4). [x—y\z= z s )z i ~_<>A ; . . •"'* 

From (3, and (5). we gel 4 **- ' -« 

x ~ 3 y=2 or z =2 ?/=3. 

Ex. 3 Soive x0(x+y)=3O i *3 +2 , 3=35 

Here dividing we get 

^—v y+y* = 35 = 7 

^ 30 6 

6x -13^-L6^ 2 =0 (2^—3//)(3-c— 

., , 2z=3y, or 3 x=2y 

Now it can be easily solved. 

EXERCISE X 

Solve the following equations : 

1- * 2 -f-y 2 =13 2. 2s 2 -f 2^=5 

Xy ’~ Q ' 'Iz t -l0xy+7y2=\0. 

{a) JPl = l' W * i +y*« 185. (D. U.) 

4. If z =x—y, obtain from the equations 

xy=y—x+l 3 and a: 2 -f^2=25 

« « n U ttf rati ° *l qUati ° n .^ andthence fi"d the values ef x and 
y 8atislying the equations. 

5. z»+y>=91 6. 3-0=1 7. *3-3^=218. 

3+0=’. **-0*=19. 3-0=2. 

(P. U. 1950) 

8. 3+0=16 9. ^+0»=§30 10. ** + f . =28 

£+*“ 107 *- *+21=3. 3+ ?/ = ? 2 . 


- O v 

5. 33+03 = 91 
x+y=l. 

8. 3+0=16 

3»+03=io72. 
(Q 1950). 

II. 30(3+0)=30 

3>+03=35. 


3-0 = 2. 


X 2 u 1 

- 4- y =28 
2/ * 

*+y=12. 


12. a^-^=I24 

z*y—xy*=20. 
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13. fiz+ay=a 2 +& 2 





x+y~\0. 


(D.U. 1943) 


2.4. By substituting y=mx in equations involving homo¬ 
geneous expressions in x and y. 


Ex. Solve : 5y 2 —7a; 2 = 17 

5 xy —6a; 2 =6. 

Putting y=mx in both the equations we get, 
x 2 (5m 2 — 7) = 17 
and a; 2 (5m—6) = 6. 



5^ 2 -7 


17 


or 30m 2 —42 = 85m — 102 


*' 5m — 6 6 

i.e , Om 2 — 17m+ 12=0 

• m=f or j. 

Substituting m=# in (2), we get z*=4, or x=±2 
and y=mx~%x= ±3. 

Again substituting m=g in (2), we have 
a; 2 =9 or a: — + 3. 
and y=mx=$x=3: 4* 

Hence a:=2, 3, —2, —3. 
y— 3, 4, —3, 4. 


' > 


EXERCISE XI 


Solve : 

1. x 2J r*y= 77 
«Sf—y*—12. 

3. * 2 +y 2 = I 

a:*+ 15^y—4y 8 =6. 


2. x 2 —xy-\-y 2 — 19 
a^+a:y+y 2 =49. 

4. 3a*-8a^*+y 8 +21=0 

x 2 (y-x)=l. _ 


* * 
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5. z*+ 3 /*=a a , x^-y=b. 6. **—3xjr-f 2j/*=24 

7 . i+ y =%xy, i- l + 3 zy-t^= 9 . 

z*+j,s=40.ry. ‘ ( D u.) 

8’ The area of a rectangular floor is 297 sq. ft. If it had 
been 6 inches longer and also 6 inches narrower, the area 
would have been 1 sq. ft. less. Find its length and breadth. 

2. 5. Equations involving three variables. 

Ex- 1. Solve : 

x-)-2y+5z-=0 .,.(1) 

2x+3y + 4z=0 ... ( 2) 

x I +a^+2 2 =72. .,.(3) 

From (1) and (2), by cross-multiplication, we get 

X 11 7. 


8-15 10—4 3-4 -7 6 


x—lz and y— — 62. 


...( 1 ) 

...( 2 ) 

...(3) 


...{4) 


or s*=9. 

/•«., 2=4-3, 

from (4), 


when z=3, 

*=21, 

or when 2 = — 3. 

z— —21, 

Ex. 2. Solve ; 

a 


y— 18. 


yz=2 
zx —3 
*y=6. 

Multiplying (1), (2) and (3), we get 

afyV=36 or xyz=±§. 

Dividing (4) by' (1), (2) and (3) respectively, we get 


♦••( 2 ) 

.•.{4) 


Since these values of x, z have to satisfy equations fl) 
(2) and (3) we have ' 

z=3, y= 2, and 2 —I. 
or z=— 3, y=-2 and z=—1. 

Ex. 3 . Solve : 

18. . ,(n 

y(*+2/+z)=40. ,*,{2) 

2 (^-f i/-r2) = 63. ...(3) 
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Adding (1), (2) and (3), we get 

121 

x+2 /fz=±ll 


/ 

» 

* 


Dividing (1), (2) and (3) by (4), we have 

Hence x^lfj, y=3- I 7 1 and 2=5 I \. 
or x= — l^j, ?/=—3/j and z= — 5 j 8 j. 



EXERCISE XII 

Solve : 

1. 9x+?/— 8z =0 

4a:—4*^2=°^ 

2/2 4-2x4-^'!/ = 47 » 


3 . yz-\-zx =16 

za:4-x?/=2r> 

•&y 4" 2 / 2 = 39. 

5. x 2 yz=a 4 
xyh= 6 4 
xyz 2 —c*. 

(:: T. (x-H/)(*-fz)=56 

<y+2)(y+x)=63 

• ' (24-x)(2+?/) —72 


2 * %x-\-y-\-z — 1 

3x+2?/4-2=4 
3:2 +y 2 4 2 2 + 2yz=2. 

4. xf?/-fz)=100 

y z+x) = 144 

*(s+y)=154. 

6 . x 2 4-a;y-{-xz=48 
^y4-y 2 42/2=12 
X24y24"2 2 =84. 

8 x4y-2=U 

t/ 2 4-z 2 -x 2 =46 
1/2=9. 


■ xy-J-x+?/=23 

2X + X4“2 = 41 
y24-J/-r2=27. 



11. xz4-y=7z 12. v y+z : z+x: x+y=a : b : c 

v 2/z-j-x= 82 (2/+z) 2 4-(z4-^) 8 -f(^-fy) a =I 

a?4-y-f2=12. • 


1 


13 / Solve 8x4-2«/-9z=0, 3x4-y-3z=0 

§*—§2/-H 2=s10 

, and find the value of x 2 4-y 2 H-z 2 . 
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2 6. Problems involving the solution of simultaneous 
equations 

Ex. Find two numbers, the sum of whose squares is equal 
to 17 times their sum and also to 68 times their difference. 

Let x and y be the two numbers. 

Then * 2 +t/ 2 — 17(ar-f-i/)=68(a:— y) 
x+y=i(x-y) i.e., y=%x. 

/. Substituting we have x 2 -fTyb.t 2 =17(^-f §^) 

34z 2 =17x8X5.T80 that z=20 and y=Jkr=12. 

EXERCISE XIII 

1. A man rows to a place 16J miles down a river and 
back in 6 hours 40 minutes. It' the rate of the stream had been 
twice as great-, he would have taken 6 hours 52k minutes. Find 
the rates of the stream and the man. 

2. Find two numbers the sum of whose squares is equal 
to 25 times their sum and also to 50 times their difference. 

3. Two numbers, each of two digits, are composed of 
the same two digits in the reverse order. The difference of the 
squares of the two numbers is 891 and the greater is 6 times 
the sum of its digits. Find the numbers. 

4. A cyclist rides from A to B and back. A pedestrian 
Btarts at the same time from A to walk to B, but turns back 
owing to rain when he has gone one-third of the distance, and 
is passed by the cyclist five miles from A. If the cyclist rides 
11 miles while the pedestrian walks 3, what is the distance 
from A to B 't 


\ 


\ 

i 


CHAPTER HI 

THEORY OF QUADRATIC EQUATIONS 

than to %t°tl\Z? s qUadraUC eqUUti0n Cann0t have 

•«'£, “ , " l “ “ ,+fa+e - 0 - h "» 
Then from the definition of a root, we have 

aa 2 4-6a + c=0 

ap*+bp + c =0 

and ay 2 +fcy+c=0 ‘ 

Subtracting (2) from (1), we have 

a (* 2 -/3 2 ) + &(«-/3)=0, or («-/?)[ a (<r + /3)+6] =0. 
ut or -p re not equal t0 zero because a and p are different 

a(a+p)+b =0 . (4) 

Similarly from (2) and (3) we get 

Subtracting (5) from^Jlt_ 7 ) =0 
W ich is impossible, since neither a=0, nor a is equal to y" 

diffwent e ront= Uad /^ tiC eq ? ation cannot have more than two 
ineren t roots. ( h or another proof see Art. 3.4) 

expressionl'whirl?^ a ,/ tate ™ ent °f equality between two 

concerned . ,f ° r aU values of the letter ° r letters 

For example, 

(z+a)(.r+6)=*>+a:(a-)-4).fa4, 

q,, . (x+a) 2 ~x t +2a.r+a 2 are identities. 

equality 8 ' 8 elDS “ 3ed t0 distinguish it from the sign of 

true ft J,° Sk0W i tkat f h , en an cation in any variable is 
true for many values of the variable it is an identity. 

Let us suppose ax 2 +4x+c=0 be satisfied by the values 

<*• p, 7, (more than two) of x. 

Then by (6) Art. 3.1 we see that a= 0 then by (4) 6=0 and 
again by fl)c=0 J V J 

ax*-±- b x +c=0 
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EXERCISE XIV 

1. Show that : 

(a— b)(x —c) jx-c)(x~a ) ( x—a)(x—b) _ _ ^ 

(rt-6)(o-e) + (6-c) v 6-a) + (c-a)(c-6) 
is an identity. 

[Hint: Show that it holds true for x—a, b and c). 

2. Show that 

(x-2)(a?-3)-8(/:-3)(*—IH-9(a—l)(^-2)=2ir* 
is an identity. 

3. If (p-a) 3 +(p-6) 3 = 2(p-c) 3 

((l-a) 3 +(q-bf=2(q-c)* 
and {r— a) 3 -f-(r—6) 3 =2(r— b) 3 
show that 

(a —a) 3 -f (* —6) 3 =2($—c) 3 , where 8 is different from p, 
q and r. 

[Hint : Consider the quadratic equation (a* — a) 3 -f-(r— b)* 
=2(:r—c) 8 and show that it is an identity.] 

Relation between tbe Roots and the Co-efficients. 

3.3. To find the relation between the roots and the co¬ 
efficients of a quadratic equation . 

Let a, ft be the roots of the equation ax 2 -\- bx+ e=0. 

Then we know that 

—b + y/b 2 — Anc , 0 — b — b 2 —4ac 

a =- -2a- andp= 2a 

a + fi~ - l 

co efficient of x with sign changed 

i. e- sum of roots— -.m • 'Z'z " 


aB 


co-emcieni x 

-b+y/b*-4ac —h-j&-iac 

- . .- A.TV 


2 a la 

(ft 2 —4as) 4ac __ c 
~~ 4a 2 4a* a 

constant term 

product of co effic ient of x* 

3.31. If a, p be the roots of ax 2 +bx+c= 0, then 

ax*+bx -f c —— a ) ( x—fi ). 
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F° r ajc 2 -\-hx + c=a(^ x 2 -f—- ^ 

^a[* 2 -(a + /?)z-f<*;3] 

= a(.r—a)(#—/?). 

Ex. 1. It a. ft be the roots of the equation ax 2 -\-bx-\^c 
tied the values of 


( 2 ) 


“H/S 2 (it) * + ^ (m) T + 1_(H. s. B. Delhi 1930) 

1 4 ft 


Here we know that 


a-f/5 —— ^ and aB = - C 

a a 


(i) a 2 -\- {3 2 =(a-\- fi ) 2 — 2a ft 

—2 -- 

'a ' a 

bz~2 a c 


.... 1 , 1 «+■£ -b e -b 

ln) «“+ p = «/? = O -T=T 

1 1 iS 2 -4- CL 2 

( Hi ) a 2 + £2 ““^£2 

(a-f/3) 2 -? q/3 

( a £) 2 

6 2 2c (' 

fl 2 ~a 6 2 -2oc \ 


Ex. 2. If one root of 2x 2 -f-pr+3 t be 3, find the other root 
-and the value of />., 

Here let p be the other root. 

Then 0+3=-| —(I) 

and i. e . P — \ 

Erom {{) £+3= ^ or 1-|~6=—© i. e-p= — 7. 
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EXERCISE XV-A 

1. If a, p be the roots of 
je 8 — px-f g=U; evaluate 

U) “HP Hi) j +T 

(Hi) “H/3H a ^ (m) « 4 fp. 

2. If one root of 3.r 2 +9x+^=0 be ^1. find the value of 
q and the other root. 

3. If a, p be the roots of x 2 -4x-H=0, evaluate 

v_ a 2 -p 

4-]-a + 4 + /f 

4. If a, P are the roots of ax 2 +bx+c={), find the value of 

v a 2 p 2 . a B \ 2 

U) pi+5r (ii) (j-~) (K. u. 1951) 

I 

5. If a, £ are the roots of x 2 —qx+r= 0, find the value of 

(aa 2 +6)(aPH6). 

6. If a t p be the roots of px 2 —qx+r=0, find the value of 

(t) / \/^‘ + Vt’ (,i) 

7. If a, /2 are the roots of the equation x 2 -\-px-j-q = Q t 
find the terms of p and q the value of 

W (») «W 3 “. (K. U. 1949> 

8. If a, p be the roots of z 2 +px+q=0 and a' f P' those of 
x 2 — p'z-\-q'—0, find the value of 

(a-a')\P-P')-j-(a~-p')(P—a'). 

9. Find the values of p if one root of the equation 
27x 2 4 fix —(p +2)=0, is the square of the other, 

10. If one of the roots of 3x 2 H-SxH-a=0 is four times the 
other; find the value of a and the roots. 

11. If the roots of z s — bx+c=0 are two consecutive integers, 

prove that 6 2 —4c= 1. (Q, Rifil) 

12 . Find the condition that the roots of the equation 

x l — 6xH-c=0 may differ by 3c. * 
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3.4. A quadratic equation cannot have more than two roots* 

Let ax 2 -\-bx-\-c =0 .(1) 

be the general quadratic equation and let a f ft be its roots, 

then we know a + 5=—— 

a 



c 

a 



we have ax 2 4~bx4-c=a\ x 2 4~— 

*• 'a 



^a[z 2 — [a-\-P) x +<*P] 

—a(x—a){x—P). 



This shows that x—a> x—fi are the factors of the expres 
sion ax 2 4~bx4~c. f 


So that the roots of equation (1) are a, p obtained by 
equating (2) to zero. 

The expression ax 2 4~bx-\-c being only of the second degree 
it cannot have any other factor involving x. 

Hence the equation (1) cannot have any other root. For 
if y be a possible third root of (1) we shall have 

ay 2 +6y+c=0. 

Also from (2), we have 

ay 2 -b&y+c=a(y-a)(y-£). 

/. a(y-o)(r-jS)=o. 

W hich is absurd as none of the factors y~a t 7 — p is zero. 


3 . 41 . In Art. 1.3 it was shown that a quadratic equation 
has two routs. This combined with Art 3’4 leads to the con¬ 
clusion that: A quadratic equation has two and only two 
roots • ( cf. also 3.2 ) 

3 . ^ 2 . If « be a root of ax 2 4-bx4~c s = 0 then to show that 
x—a is a factor of ax 2 4~bx+c and conversely (Factor 
Theorem). 

Here if a be a root of 

ax 2 4-bx4-c=0 then 

fla 2 -t-fca-f-c = U.(i) 

Let ax 2 4-bx-\-c when divided by x—a leave R as remainder 
and give Q as qnotient, then 

ax 2 +bx+c=Q,{x- aJ-fR. 
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Putting x=a on both sides and using (i) we have 

, 0=QxO-f R 

•• R—0. 

"~ a be 8 factor of a ** +bx+c tb ™ 

theo P re2 Dg * =a ^ 869 °“ 2 + 6 “+ c =» which proves the 

Cor. If a, p be roots of ax t +bx-\-c—Q then 

t , axt + bx + c = a l x - a Hx-P). 
i o form an equation whose roots are a , p. 

Let the quadratic equation whose roots are a R 
az 2 +bx+c=0 . ' p 

The equation can be written, after division by a as 

**+ - *+ -?-=0. 
a a 

or jfi-.[a+p)x+ap =0 

£ 2 —(sum of roots) x+product of roots=0. 

Note -The same follows from the obvious fact that the 
equation whose roots are a, p is (x— a)ix—p)=0 

i.e. x 2 -(o+P)x -f «/?«(). 

Ex. 1. Form an equation whose roots are —3 4 . 

Here the required equation is * 

of roots)r-{-product=0 

x 2 — (4 —3)a;-f4( —3)—0 

x 2 —x— 12 = 0 . 

Otherwise thus 
Required equation is 

[*-<-3))(*-4)]«0 

or x 2 — x— 12—0. 


Ex. 2 If one root of an equation be p+\'q; find the 
equation and the other root. * 

Here x=p + y/~ q ~ 

( x~p) 2 —q 

•\ x 2 — 2px+p 2 —q —0 


The other root is p — yj q. 

t. 3. Find an equation whose roots 
roots of ax 2 -^bx+c~0. 


are 


squares of the 



32 


INTERMEDIATE ALGEBRA 


Here if a , /? are the roots of ax 2 -\-bx + c =0 


then a-f/3= 




a]8= —. 
a 

The required equation having a 2 , ft 2 as roots is 

(£— a 2 )(£—/? 2 )=0 
or * 2 -(a 2 + /? 2 )*+a 2 /3 2 =0 

i.fi. x 2 -~{(a±p 2 -2a/?f .r-f-(cr/3) 2 =0 
.\ using (1) and (2), 



i.e, a 2 x 2 —(6 2 — 2ac)£-f-c 2 =0- 
or a 2 x 2 4-(2ac—/> 2 )x-hc 2 =0. 



V 


Otherwise thus The given equation is 
ax 2 -\-c= —bx 
(ax*+c) 2 =b 2 x 2 
or a 2 r 4 -j-c 2 -f 2acx 2 =b 2 x 2 
f.e.j a 2 a 4 -{-a: 2 (2oc —o 2 )-fc 2 =0. 

Now let 

a 2 y 2 +y(2ac-b 2 )+c 2 =0. 


y=x 2 


(0 


Now when x has values a, p ; y will have a* /3 2 . 

(?) is the required equation having a 2 , p 2 as roots. 

Tiote -—The second method is quite general and can be 
followed for the third and higher powers of the roots also. 

Ex-4. If a > P be the roots <f cx 2 +6a:4-c=0 form an 

, 1 , 1 

equation whose roots are and ^ . 

_ b _ c 

We know that a-f-p —-, ap ——. 

& a 

The sum of the roots of the required equation is given by 


2 J_ 

a ) +fsi ~ 


-i 

/3 2 4a 2 (j3 + a) 2 -2o/3 


a b 2 —2ac 


a*B 2 


W) 


2 


.2 — 


.2 


*• 
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Product of roots= i-y i_ 1 

A no -— 


1 


a 


a 


2 


£ 2 («/?) 2 _c a c 2# 


Now any quadratic equation can be written as 
(sum of roots)a:-f-product of roots=0 
.\ the required equation is 

/ 6 2 — 2ac \ a 2 

^+- C 2=0. 

or c 2 x 2 —(b 2 —2ac)z-j-a 2 = 0. 

Otherwise thus 

Let 2 ,= — and then proceeding as in Ex. 3 above we can 
get the equation. 

Ex. 5 Find the condition that one root of vx 2 4-ax4~r~ 0 
may be double of the other. V l-yx+r-o. 


V 


Let one root be or and the other be so that /?=2a. 
We have a + 2a = - q - i. e . t 3« = - q 


V 

and a. 2a—— i.e., 2a 2 = -- 




W 


(«) 




P ' “ p- 

Substituting the value of a from (t) in (n) we get 

2 V 3p / “~7 or 9p~ 2== P'-*-' 2 ? =9 ? r * 

Ex, 6. Find the condition that one root of ax 2 —bx-j-c^=0 
may be. square of the other. 

Let one of the roots be a and the other /? so that a 2 —ft. 
Now ar-j-a 2 — .( 1 ) 

and a.a 2 =---, or a 3 = —t.e., a=/JL\^ 

a a \ a / 

Substituting this value of a in ( i ), we get 
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Cubing both the sides and using (2), we can put this as 


i.e. 



a 2 c-\-c 2 a-\-3abc=b 2 . 



b* 

a s 

as the required condition. 


EXERCISE XV—B 

1. Form the equation whose roots are : 

(i) 10, 12. (ii) y, {Hi) a + b > a ~ b - 


( iv ) 2±\/3. (v) 2dt\/ — 3. 

2. Prove that 1-fV2 is a root of x 3 — x 2 — 3x—1=0 and 
also find other roots, 

3. Form the equation, one of whose roots is 

p—\ / p 2 —Aq 

p+\/f~4q 

[Hint : Rationalise the denominator.] 

4. (a) Form the equation whose roots are the squares of 
the roots of x 2 —bx—c =0. 

(b) If a, jS are roots of 3a >2 -F2.r+1=0 form an equation 
whose roots are 

I —q [~p 

l + « ’ I -\~P 

5. ]f a and are the roots of px 2 —qx+r=0 form the 

equation whose roots are a 2 -pp 2 and 2a/3. (H. S. B. 1951) 


6. If /3 are the roots of 2 .t 2 — 3x— 5—0 form an equa¬ 
tion whose roots are 

' dr-■ Km 

7. Find the equation [whose roots are the cubes of the 
roots of a* 2 +x*4‘ 1 =9. 


8 If a, 3 be the roots of form the equa- 

..11 

rtjou whose roots are (t) and /3 2 -fa/?. » ^5 • 

(H. S. 1948) 
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9. //>! and .r 2 are the roots of the equation a.r 2 +6.r + c=0, 

torm the equation whose roots are (x x —x 2 ) 2 and (aq-j-.r.,) 2 . 

(P. U.' 194(5). 

b, roots of c=0 be a, p and those of 

*-+/**’ + < 7=0 be I;a, A-/3, show that qb 2 =cp 2 . 

o H. Find the value of m in order that (a) one root of 
3.r-—(I--p4m).r-f-m 2 -f 5=0 may be one-third of the other. 
[b) the roots of x 2 —?.r(I-j-3w)-|-7(3-b2?n)~0 may be equal. 

(H. 8. i5)47). 

12. If the roots of the equation a.a* 2 -f 6:r-fc==0 be in the 

ratio of y : ] ; show that ac(l -f-y 2 ) = y(6 2 - 2ac) and if in the 
ratio p : q then ac[p-\- q) 2 =b 2 pq. (H. 8. 1949.) 

13. If one root of the equation ax 2 -j- bx -fr--■=0 be the 
square of the other ; find the relation between a, b and c. (P.U.) 

14« If the equation px 2 -{-qx-\-r—0 is not changed when 
p, q and r are simultaneously increased by f ( , show’ that 
a: 2 -f- x* f* 1 — 0. 

15. Find the value of u so that the roots of the equation 
3.r 2 — 2.r-f n — 0 may be reciprocals of each other. 

T6. If « and p be the roots of 3.c 2 +.r + 7=0 find the 

equation whose roots are a - and (K U lO.lO) 

P a v * * * 

17. If p, q be the roots of .r 2 +kr-|-c=0, sllU'Wat b and 
c are the roots of x 2 + {p~\-q-pq)x—p q [p+q)=:0. 

18. If cc t p are the roots of the equation ax 2 -}-2&.r-}-c=0, 

show that {na — P)(a—n(3) = i, ^^i n ±D^ c . Aiso show that 

a 1 

the roots are real and each lies between half and double of the 
V other provided that 86 2 lies between 8ac and Oac. 

[Hint: Take n=2 in the above result j. 

19- Find the condition that the roots of the equation 
c=0 shall be (i) reciprocal of each other , (d) both 
positive , (iu) both negative (d>) 07ie positive a7id one negative 
(v) equal and opposite in sign . 

20. Find the conditions that the equation 
o.r a -f^4'C=0 may have 
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(0 One root zero (ii) both roots zero (Hi) one root infinite 

iiv) both roots infinite (v) one root infinite and other root 
zero. 

[Hint: ax 2 -\-bx- f-c=0 has one zero root if c=0 and two 
zeru roots when 6=0, c=0. 

T 1 

It we put x~ - the equation becomes cy 2 + 6y-fa=0. 

M 

It is obvious that if the y equation has one zero root the 
x equation has one infinite root and if the y equation has two 
zero roots, the z equation has two infinite roots Hence the 
condition that ax 2 -\-bz - 4 - c =0 may have two infinite roots is 
that a=0, 6 = 0]. 

21. Obtain the equation whose roots are aa—b and ap—b 

where a p are the roots oi the quadratic equation x 2 — ax-\-b=§. 
If a and 6 are such that roots of the given equation are real 
and positive, prove that the roots of the equation which you 
have obtained are also real and positive. (D. U. 1943). 

22. If a and/? he the roots of ax 2 —bx -f6=0 prove that 

<a I p l b /a Ip 

V p '+ V " — V q =0 and form an equation having^/ ~ 

as roots. (K. U 1951). 

3.6- To find the condition that the two equations . 
ax 2 -\-bx+ c=0 and a'x 2 -\-b , x-\ c'=U, 
may have a common root. 

Let a be the root common to them. Therefore we have 

aa 2 -f6«4-c=0 ...(t) 

and a'cP+b'u + c'—0 ..(ii) 

By cross-multiplication, we get 

a 2 a l 

be'—b'c~ ca'—c'a~ab'—a'b' 

whence we have (ca 1 —c'a) 2 =(ab f —a'b)(bc’—b'c)- 
as the required condition. 

Cor. If ax 2 -\-bx-\-c=Q and a / x 2 d-6'a;-f c'=0 have a common 

root, then this common root is — rr —>, or which is the same 

ab — a 6 

+ v. be'-b'c 

thing, as —- r • 

ca —ca 
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3.61. If ax 2 -\-bx-\-c=§ and 
roots comm07i then 


=0 have both 


a 

a 


b'- c' 

If a, j8 be the roots of both these equations ; 

a b 

• • « . _ 

a' ~ 


then a-± 8= — — 

a a 


• • 


Also 


Hence 


o c c 

-■= 

a a 


a 

a' 


b' 

c 


a 

• • 

a 


t • 


6 

V 


c 


t « 


EXERCISE XVI 


1. If nx*+mx+l=Q and mx 2 +nx 4*1=0 have a common 
root, show that either m=n or 7 ^ 4 *?? 41 = 0 . 

2. If the expressions a; 2 -F9 x+m and z* 412*4 4 m have a 

common factor, then show that m =0 or 8 

3. Find the value of p for which 3*4- 2 is a factor of the 

expression 6x 2 4-/*£— 6, and find the other factor when v has 
that value. 

4 If the difference of the corresponding roots of the 
equations z 2 —px~{~q~0 and is the same, then 

p + q + 4=0. 

5. If x 2 +ax-\-bc —0 and x*-f- bx 4 ca =0 have a common 
root, show that their other roots satisfy the equation 
x 2 4 ca:-fa6=0. 

6. Show that if ax 2 +bx+c=0 and pz*+qx+r=Q have 
both the roots common then 

P__9 _ r 

a b c 

7. If the equations a* 2 4te4c=0, have 

one root common, and if the remaining root of the second is 
the square of the remaining root of the first then show that 
a a c'(ac' — a'c)=a'c 2 (a'6— ab’), (P. U. 1950), 
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3.7. Complex Numbers. A number of the form a+ib 
where a and b are two real numbers and i 2 = — l is called 
a complex number (or an imaginary number). Any Complex 

number of the form V-6 2 can be written as ib where b is 
real. Thus, e. g. 

t, . Y?= lV3 - v-r2=.vi2=2,vr 

i o owing are some of the Properties of complex 
numbers : — 

(0 If a-\-ib= 0, then a=0 and 6 = 0. 

For since a-f^6=0, we get 

a=—ib or a= — b 2 

L e '> a 2 + 6 2 ==0, a=0, 6=0. 


Cor. 1. If a+ib—c-rid then a=c and b=d. 

Cor 2. If a~i-ib=c-\-id then a~ib—c—id 

Cor. 3. The product of two conjugate complex numbers 
say c-f id and c— id is always real, namely, c 2 -j-d 2 . 

(ii) To find the product or quotient of two complex num¬ 
bers in the form A-f iB. 

He re {a -j- ib) (c-f ? d) ~ ac -f i 9 bd -f- ibc -\- iad —ac — bd +i (6c+ ad) 

and a + ib J*±± h )b-id) (ac+bd) +i{bc-ad) 

c+id {c+id){c—id) c*+d 2 

_ ac-\-bd | .be—ad 

~ c*+d* 


3.71. To find all the cube roots of unity and their 
properties. 


Let 


or 


x 3 = I or a?— 1=0 

(s-])(a 2 +a;+l)=0. 

either x= i or x 2 -\-x +1 =0 


* 


• 1 i —lrb\/l — 4 —Irfc-v/—3 

i. e*. I and - v - or --- 

2 2 

Thus the three cube roots of unity are 


1, 


-l+tV-3 


and 
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Properties■ Let the above three cube roots of unity be 
called !,«./?; then, 

(i) cube of each of these numbers is always unity. 

(n) a 2 =/2 and /3 a =a 


for 


(m) 


_2 _/ “l+n/3\ 2 1-3-2V3 -1 —q 

\ 2 /- 4 = 2 


1 „ 1 

= P W =a - 


for 


a 

* 

i 

a 


X' 


l-n/3 2(-l-»V3) 

a—(—3) 

r 

(u') l-fa+/?=0, 

for 1 + a +j8 = 1 + ~!.+ *V ' 3 + .T±T^L 3 =x _ 1==0 

♦ 

3.72, Now if we denote —lit by then by property 


(«) 


1-V3 ; 


2 


is *r 2 . 


Thus the three cube roots of unity are 1, w, w 2 , 

where ft) /r 3 = I 

and («) l+it+tr*—0. 

Ex. 1. Show that /r 28 + /r 29 +1=0. 

Here //; S8 = <rX?c l 7 =«jX(,c*) 9 =irX I = /r 
Similarly // Z9 s= ?r 2 7 x jr *«= <r 2 


# ♦ 


1 + /C 


■ 28 + /c 2O = l + //+!r 2 =0. 


Ex. 2. Prove that (-Lt^L) 5 -- 1. 


- 5 


(- 1 +v-y + (-'-y- 3 ) 

=<r 5 +(ie 3 ) 5 —/r 5 -f/f 10 

=/r*X /r*+ ic 9 Xic»ic+jc , “--1. 

Ex. 3. Show that [^i±y~l] n + p 1 -V / -n p 
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is equal to 2, if n be a multiple of 3, and if n be not a multiple 
of 3 its value is — J, 

h„. (=!±^)”+[-“->rVi±]”„ c . + „». 

Now if n=3p, where p is an integer (». e., when n is a 

multiple of 3). 

then ,c"+w 2 "=,c 3 />+, 0 8#=( (c 3y, + (w .3)2/, =1 + j =2 . 

If n is not a multiple of 3, then when divided by 3 it ha* 
the remainder 1 or 2, t. e., then 

n=3p-}-l or 3pH-2 

• • /o n ~j-?c 2 n ~ic 3fii 1 H” /r 6 ^ H2 or w 3 fi + 2 -j-u: 6 t +4 ~?c 2 ~htc 4 


— ic-j-fr 2 
= -1. 

Ex- 4. Find the cube roots of — 1. 
Here a.W— l)$ 

i 3 +l=0 
or (.r-f-l)(x 2 -x+l)=0 

either a:= — 1 or a;==^V^— 

2 


or tr-j-ir 


(D. U. 1943) 


a*=-l 


2 


t. e, t x= — 1, or x= 

are the required roots. 

Ex. 5. Find all the cube roots of 8. 
Here £ 3 =8 
.\ 8=0 

or (x-2)(x*+2x+4t)=0 


and x 


1-V/-3 


• ♦ 


a;=2 or 


^2± v /4-16 


= -l±V3. 


Evidently the roots are 

2, 2*r, 2 w 2 . 

Important : Note that all the cube roots of a number A are 


A* 


w A^, w 2 aK 


■where ic is an imaginary cube root of unity. 
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1. Multiply (i) b y V~«y- 

(it) (a— V—*)by(«+V—*)■ 

•2. (a) Show that (t) (3+2t)(l+3i)=—34-l' 5 - 

.... 2+3i 3—i 8 + 5t 

(u) 4-‘8T + 4+3»~ 25 ' 


(b) If — >b be of the form x+iy, find .r, y. (Q. 1950). 
' a—ib 

3. Show that all the roots of * 4 = 1 are ±1, ±». 

4 . Show that all the cube roots of 

(i) -8 are —2, —2—2,o s . (»») 27 are 3, 3,,-. 3 ( /- 2 . 

(iii) 64 are 4, 4ic, 4«•.*, where ic has the usual meaning. 

/-1 + V-3V H /—'1 —V^SY* K — - 1 

5. Show that (t)f-- - j + ^- J 

(it) = 

« If 1 ir II-?. be the cube roots of unity show that 

(i) (i_ r )(i_ (r 2) = 3 (ii) (1 — (c— ic , ) 6 =64. 

(iii) (2—!r)(2—io 2 )(2—;c 13 )(2—«: w )=49. 

(ty) (l-;r+i'*)(l+m-«- i )=4. 


7. Show that 

(i) o a 4-a6'f6*=(a— wb)(a— /c 2 i‘). 

(ii) a 3 —b 3 ={a—b)(a — n b){a — t r 2 b) 

8. Find the value of 

x*—2«*f 7 when —2. 

<1, Obtain the value of 

2x 4 -f 5x 3 4-7z 2 —z+37 when x~--2-iy/Y. 

Hint Sinco *=»—2—iV 3 •** (*+2) , «3i , *=-» 

x 2 + 4ar-f 7=^0 now use it ] 
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3.8.^ Nature of the roots. To discuss the nature of the 
roots or the quadratic equation ax*+bx+c= 0 . 

Solving by the method already given we see that if a. & 
are roots of this equation, then 

= 'Z i t %/b2 ~ 4ac 

2a 

i. 

and 


a 


...(!> 


/?= b V b 2 —4ac 

2a ' 


...( 2 ) 

(0 When b 2 -4ac is positive and not zero ; then the roots 
are real and unequal Further, if b*-4 ac is a perfect square 
the roots are rational and unequal 

(ii) When b 2 -4 ac is negative : the quantity Vb^-l^is 

called imaginary to distinguish it from the square root of 

positive number which we call real. In this case the roots are 
imaginary. 

(Hi) When &-4ac is equal to zero. Then each of the 

roots reduces to and therefore the root are equal and 
real* 

(iv) Wjien b the equation becomes ax 2 ~f*c = 0, its roots 

a)e ~ the roots are equal but of opposite sign 

when b= 0. 


3.7. Jt follows from ( i) and (ii) that surd roots of an 
equation with rational co-efficients occur in conjugate pair, i. e ., 
n c+ v 'd he a root then c-y/d also is a root, where y/d is a 
proper surd, i e. where d is not a perfect square. 

Imaginary roots of an equation with real co-efficients also 
occur in conjugate pairs i.e., if c-\~V~d 15 a root, then the 

other root is c—y/ where d is a positive number. 

The expression b 2 ~iac is called the Discriminant of the 
equation ax*-j-bx -f c=0 or of the expression ax*+bx-\-c. 

Ex- 1. Discuss the nature of the roots of: 

(I) 2x 2 -4x+5 =0. (2) 3^-f 4-4=0. 

(3) 6.r 2 -f-13*-r5=0. (4) 4 .t 2 -4.t-}-1 =0. 
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(1) Here a=2. b— —4, 5. 

6 2 —4arc=I6— 40— — 24 which is negative, the roots 
are imaginary. 

(2) Here ft 2 — 4ac is 81—48=33, which is positive and not 

a perfect square. Therefore the roots are real, unequal and 
irrational. 

(3) « = 6, b=~ 13, c=5. 

b 2 — 4ac--4 9 which is positive and a perfect square, 
roots are real, rational and unequal. 

(3) Tn this ease b 2 —4ac = 16 —16=0 the roots are equal. 

Ex. 2. Find for what values of m the equation 

12* 2 4~ 4 (?ra-f- 1)* 4-3=0 shall have equal roots. 

The roots of of the equation will be equal if the discriminant 
is ~ero, i e., if 

l()(m+l) 2 —4X12X3=0 

or if (m-rl) 2 — 9=0 or if (yy/+1)=±3 or if ,n — 2 or —4. 

Ex. 3- Show that the roots of 

(6 2 —4ac)* 2 4-4(a4-e)2 ; —4=0 are always real. 

The discriminant of the equation 

= 16(a4-c) 2 4-16(fc 3 ~4ac) 

= 16[(a4-c> 2 — 4ac-\~b 2 } 

= 16[(a—c) 2 -hb 2 J which is always positive. 

Hence the roots are always real. 

V 

EXERCISE XVIII—A. 

1. Examine the nature of roots of the following equa¬ 
tions : — 

(i) 3z 2 4-7*4-2=0. (it) 4* 2 —9* 4-3=0. 

(m) 4* 2 —20*4*26=0. (tv) (* —a)(x —ft)=c a . 

2. Find the value of a for which the roots of the equation 
ax 2 -f3x—4=0 are equal. 

3. Show that the roots of the equation 
(a— 6), x 2 4 - 2(0 4-6)*—(a— b) =0 

are real, a, 6, c being real, quantities. 

Given that a t b, c are real show that the roots of 

(i) (b — c)* 2 4-(c— a)x~\-(a— 6)=0 
(t0 —c)* 2 4-6(c — a)x+c{a — b)=0 are real. 
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i 

i 


i 


i 


i 


5. Show that the roots of 
2(aH-P)^+2(a+6)*+l==0 are imaginary. 

6. Find the values of m for which the equation 
4z 2 ~Hl—2m)£-f-2=0 has equal roots. 

7. For what values of t will the equation 
£ a +4z(2-M)-fo(3f-|-11)=0 has equal roots ? 

$. Fihd k such that 

(4—A;)x*-|-{2A:-f-4)a:-l-(f^-f'l)=0 may have equal roots. 

9. Find the condition that 

/t>*x 2 -\-2x(nic—2a)-\-c 2 —0 may have equal roots 


10. Show that y— w x-\ - f regarded as an equation in 

,»/, will have equal roots if ^ 2 =4<zo;. 

11. (i) Prove that the roots of aa 2 -f 6a-j-r=0 are rational. 

if a-f-6-fc=0. 


(ii) Prove that the roots of the equation 

(36— 2a)x 2 — 2(a-f36)a-)-364-4'’=0 are rational. 

12. (i) Show that- the roots of ( x —a) ($—6) = 6 2 are 

always real. (H. S. 1948) 

(ii) Show that the roots of 

(x—a)(x - b) -f (x— b)(x—c) -f (x- c){x — a ) 0, 

are real and that they cannot be equal unless a=6=c. 

13. If the roots of the equation ax 2 -}-26a-|-c=0 are real 
and unequal; then the roots of the equation. 

x a d-2(a+c)a-h(a 2 -f-26 2 -fc 2 )==0 are imaginary 

14. Prove that the roots of the equation 

(a-f c— b)x 2 +2cx-\-(b+c— a)=0 are rational. 


3.71. Ex.l. For what values of x is „ - 

a*— 

The denominator a 2 —2£-f4=(x—1) 2 4~3 is positive for all 
tea values of x. Hence the fraction is positive for real values 
of x if the numerator is positive, i.e., if x>7. 


2a--f 4 


always positive ? 


Ex 2- Show that X i-—-i.-— does not lie between 8 and 


2x 4- 8 


— 8 if a he real. 




t 
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a: 2 -!-8x4-80 

Let ~~ 2x-fS - ~ tHl then 2/»)+80 —8m=0 

gives real values of x, if 

(8-2w) 2 >(80-8m)x4, t.e., (4—/i/l 2 >(10 

t.e., m 2 — 64^0, i.e., (?»—8)(m-f 8)^>0. 

This is not true if m lies between —8 and 8. 

Ex* 3. Find the limits between which 

1-f-^-b^ 2 

i-;—r must lie when x is real. 

1— x-j-x 2 

r . l + X + X 2 
Lefc !_*+*» =»• 

(l+*+**) ! =y(l—*+**) 

or (1— y)a; 2 +(i/+l)a;+1-^=0 

Now this equation in x must have real roots because x is 
given to be real. 

(y-j-1) 2 —4(1— y) 2 is not negative 

it., —3t/ 8 -fl0y— 3 is not negative 

or (3-y)(3y-“l) is not negative 

i e., y must lie between 3 and 

EXERCISE XVTII-B 


2 . 

3 . 

4 . 


6 . 


7 * 


If x be real show that 

3x 2 -f-6x4-7 cannot be less than 4. 

Show that if x be real then 

11—6x—3x 2 cannot be greater than 14. 
Show that 2x 2 —6r-b5 is always positive. 

Find the values of x for which 

SCS+5 i9 P ° 3itive 

Show that x4 -— cannot lie between 2 and 

x 

real values of x. 

A 2x 2 —2x—5 
Show that — 


—2 for 


cannot lie between 11 and 1* 


2x-7 

if x is restricted to real values only. 

Prove that u^^^x+e ** e8 between £ anc ^ 


—4 for 


real values of x. 
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8. If x is real, prove that 

: Sx*—4z+l ’ cannot 1li(i between J and ij. 


9. Prove that for real values of x 

x 2 -f2z'+\) lies between J and 2. 


10 . 

11 . 


(*— 1 ){*— 2 ) 


Show that for real values of x , the expression, — - — 

(.r—3){x—4) 

cannot lie between—7+4 \/3 and —7 —4^/3. 


Prove that for real values of a* the expression ^ 
must lie between i and ~R. 


3r-4 

**+l 


3 9. A quadratic expression. We now discuss the nature 
•of the sign of the quadratic expression ax 2 4- b.r- + c in relation 
to the nature of the roots of the corresponding quadratic equa¬ 
tion a.r 2 + 6.t+c=0. 


*3.91. If the roots of the equation ax 2 +bx+c=0 are 
imaginary or are equal the expression ax 2 +bx+c for any 
real value of x, has the same sign as the sign of a or of c. 

We have 

ax 2j fbx+c=a (\r 2 + — -#+ 

\ d fl / 



Now when lbe roots of «M-k +C =0 are imaginary, 

h 4ac is negative and therefore iac-b 2 is positive, and con- 

. / , b \ 2 4flc— b 2 , 

■sequently ^ “1- 4 ~ 2 ~ ls positive. 


Hence the given expression is of the same sign as that of 
a (i. e. it is positive if a is posithc and negative if a is 
negative). 

Also since 4nc — h" is positive therefore qc is positive z", g. 
xl and c have the same sign. 

Again when the roots of r7a: 2 +&e+c=0 are equal 6 2 —4ac=0. 
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* • 


r 6 -i 2 

from (1) a.r 2 +6.r-{-c=a|^ ar-j--— J . 


So that 0 £ 2 -Wj.t-}-c has the same sign as that of a. 
Also since b 2 —4ac=0 or 4 ac=b' 2 


ac is positive and a and c have the same sign. 

Hence in this case also the expression has the same sign 
as that of a or of c. 


3. 92. If «, P are the real roots of the equation ax 1 4 hxc 
—0 t the expression ax 2j rbx+c (0 vanishes when x=a or P 
and (it) has the same sign as that of a for all other values of 
x except those lying between a and P* 

(ji) The values a and p satisfy the equation, therefore! he 
expression ax 2 -\-bx-\-c is zero when x—a or p. 

(ii) We liayc 

ax 2 4 bx 4c —a ^ x 2 4 - - x 4 — y 

=a[x 2 — [a+P)x+ap\ 

ssa[x—a){x—p) ...(I) 

a , p being different, one of them must be greater than the 
other. Let a be greater than /3, then 

When x > a , x—a is positive, so x—p is also positive. 

from (I) ax 2 4 tor 4 c has the same sign as that of a. 

When x< p , x—p is negative so x—a is also negative, 
from (l) a.t- 2 46.r4c has the same sign as that of a. 

Lastly, when x > p but < a, i.e- t x lies between a and p 
then x—a is negative, x — p is positive, so that (x—a)(:c—p) is 
negative. 

from (I) the sign of ax 2 46x4c is opposite to that of a 
{i.e . it is4ve when a is—ve and —ye when a is4ye). 

Hence from theorem I and II given above we find that : 

The sign of the expression ax 2J rbx+c is opposite to that of 
a onh/jehen the roots of the equation ax Zj rbx+c =0 are real 
and unequal and x has a value lying between them . 

REVISION QUESTIONS I 

Solve for x ; 

- ... *42, 2*-3 „ 23 .... 3 a 2 8 

l ' W 2~z(aT— 1 j 0 # {u) h-x ‘ 4-x x+*> * 
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2. (i) (3a 2 -f 6 2 )(x 2 —x —l)—(3& 2 -l-a 2 )(x 2 -}-x-fl)• 

(H) {a-l){l+x+x*)*=(a+l)(l+x*+x*). _ 

3 . (i) ^+*±°= “. {ii) r* + / • 

v ' x-\-a x—a 15 V x—1 y : 


/ x— 1 


x +2 
* x -1 


2Ji±ifL+ JL =8. 

1 —X 2 ;r -j -1 


5 , (i) (.r-T ) 2 —5 ( .r+ L) + 10=0. 

(if) a*+2\/-^+6*=24-6a-. 

6 *»_ 8 »+ ;,^+| =°- 

7. .r 4 4-2ai* 3 =2x+ 4 • 

U 

[Sol. Given equation is 

x 4 — -^--f2ax^x 2 — 

or ( l2 ~ tX* i+ v ) +2ax ( x2_ t) =0 


x 2 -l-==0 i.p. x=d = 4* > orx 2 +-f-2ax=0 which 

a y a a 

is easy to solve.] 

8 . (i) ( x—~)( *—”)( x-”)=(x~l)(x—2)(x-3). 

(ti) (6-c)x 2 +(c-a)x+(a-6)=0. CP. U. 1922) 

9. A square floor is covered with carpet, except a border 
18 inches wide round the carpet which is covered with lino¬ 
leum. The carpet and linoleum cost respectively 5,<? and 3.?. 
per square yard. The whole cost is £5. 7 s. Find the length 
of the side of the floor. 

10 . Two bicyclists ride at the rate of 10 m.p.h. The 
perimeter of the driving wheel of one bicycle is 8 inches less 
than that of the other, and it turns round once more in & 
seconds. Find the perimeter of driving wheel of each bicycle. 

11 . A man buys a number of cows for £80. If he had 
bought 4 more for the same money each cow would have cost 
£i less. How many cows did he buy ? 
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12. A man rows to a place 16 J miles down a river and 
back in 6 hrs. 40 minutes. If the rate of the stream had been, 
twice as great, he would have taken 6 hrs. 52J minutes. Find 
the rates of the stream and the man. 

13. Solve : 




y/3x~-2-y/x+7 

V 3*^2+ Vx+'i “ 1 ‘ 


(it) 9a;—3x 2 -b4V , x 2 —3.x-j-6=ll. 


(m) — 18 . 

(tv) v / ox+6+Vi»+c= s =v'2(6+cj.' 

(v) x 2 —a(a-\-l)z-\'O 3 —a 2 t'-\-ab—b 2 —0. 

7 2 (*+«) _ l+3a 

r+5a =X+5a+ 

(vit) ** — (a—fe)ar — l-f-a—6=0. 

(t>m) a6(* 2 — l)4-ar(a 2 —6 2 )=c[(a— b)x— ( a 4-6 

(fa) 4 -+^-+ 2 = 0 . 

x+a r a 


-«)l 


14. If«» and y, 5 be the roots of a; 2 — px + q— 0 and 
z*~p zq '—0 respectively, find the value of 

(«-r)</5-*)+'/?- Y)(«-3). 

15. (i) If a, 0 be the roots of a;*—3z+I=0 ; find the 

equation whose roots are ^ r-^—• 

1 -rp * 1-f - ® 

(i») If a and p be the roots of the equation azP+bx^ <J=0, 
find the equation whose roots are (a—p) 9 and (a-f/fy 2 , 

16. (a) Solve a; 2 +2px=l and show that the two roots are 
real and of opposite signs. 

(6) Solve x+ xy^ 3. y+zy=4. (B. U.) 

17. Find the condition that the rootB of a l x 9 -\- 6 l a;-{~c l =0 
may be the squares of the roots of a;r , -f-&a:-|-c=0. 


18. If one root of pj^+yr-f r=0 is four times the other, 
show that 4^ 2 =26?>r. 

19. Prove that the algebraic expression a;*-(-26a;-j-c is 
greater than, equal to or less than (*+6)* according as the 
roots of **+26x+c«=0 are imaginary, equal or real. 
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20. If the roots of px 9 -f 2qx-\~q—0 are imaginary, show 
that the roots of qx 2 \-{q~r)x—(r-\-p—q)t=0 are real. 

21. Find the equation whose roots are the squares of the 

roots of the equation px 2 =qx-\~r. * (P.U.) 

22. If x is real, find the greatest and the least values 

of Td anci tiie g reatest va lue of X 

23. If a , p be the roots of the equation 

(x 2 \)(a 2 +1)=abx(ax— 1), . 

prove that (a 2 -f1)(£* +1)= b*P(ap- 1). 

24. If a, a 2 be the roots of the equation . 

. ax 2 +bx+c= 0 , find c when a==8. 6=~3(h 

25. If a, p be the roots of the equation z l 4-1 =0, 


form the equation whose roots are —- and account for the 

p a 

identity of the equation obtained with the original equation. 

26. If a and p [be the roots of z 2 -\- z-{-l=0, show that 

P 2 ~a, 

m + 0 

27. If a, p be the roots of z 2 -\-px+q=0 , find the values 
of (ic* + ir 2 P)hc 2 a+tcP) 9 where ?<• is a cube root of unity, 

28; Without finding the three cube roots of unity, show 
that their sum is zeio. 


Simplify [^J + Vzl] 8 + [-±=£=* ] 3 

29. Show that if £> 2 —4ac is positive the expression 
ax 2 -\- bx -fc cannot keep the same sign for all values of x ; 
but if b 2 —4ac is negative then ax 2 +bx+c keeps the same sign 
as that of a and c. 


% 

30. If a, p be the roots of the equation ax 2 +bz+c=0 
and a' t p' those of a'a: 2 -f 6's-f c'=0, find the condition that 

1 _1_2 

a- a' ~^a —/?' ~~ a—p' 


31. Find the conditi< n that the two equations 
px 2 +qz-\ r=Q and a&*+fc*+c=0 shall have two roots such 
that one of them is the reciprocal of the other. 
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32* Obtain the equation whose roots, are aa — b and 
a/3—6, where a, /3 are the rots of the quadratic equation 
x 2 —ax+b — 0. 

If a and 6 are such that the roots of the given equation 
are real and positive, prove that the roots of the equation that 
you have obtained are also real and positive. 

4 

33. Solve a?+y 2 =a 2 and x -\-y=b and show that the sum 
of the two sides of a right angled triangle cannot exceed \/2 
times the hypotenuse. 

34. If one of the roots of x 2 -\-ax-\- 6=0 is one half of the 

other, prove that 96 equals 2a 2 . (P.U.) 

If a, p are the imaginary cube roots of unity, show that 
<t n -\~pn—2 or —l according as n is a multiple of 3 or any 
other integer. • . 

‘ 35. If * 2 -f-ajs=s'X'is a quadratic equation in x, find the value 
df X if one root be 1|. Find also the other root. (P.U.) 

36. If a and p be the roots of the equation, x 2 + 2ax-}-6=0; 
form the equation whose roots are a 2 -pce/?d-/3 2 , a 4 -fa 2 /3 2 ~t-/3 4 . 

(P.U, 1927) 

37. ( 0 ) Obtain the quadratic equation of which the sum 
of the roots is I and the product of the two roots is — l. 

(6) Ifa and p are the roots of a 2 -!-#-}-1=0, obtain the 
equation whose roots are a 3 and /3 3 , (B.U.) 

38. State and prove the conditions that the roots of tbe 
equation px 2 -\-qz-\-r =0 may be (j) real and different, { ii) 
equal and (in) imaginary. 

What values of A? will make (4—&);c 2 -h(2&-M)z+8&-f- 1, a 
perfect square t 

39 - Find the equation whose roots are the squares of the 
roots of the equation 

x 2 -*(2v / c+6)^+V< 5 =0. 

4 4 

40. If —=3—*/5 l show that x \ - =6 and calculate 

x x 

16 

the value of x 2 +-^- % 

x* 
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41. Find the condition that 8**+ax-:« and 32.r 2 +2 ax- 15 
may have a common factor. 

42. If ft and ft be the roots of ax 2 + 6z-|-c=O f 


show that 


P 

aa+b 




(CU.) 


43. One root of the equation az 2 +2bz+c=0 is the 
reciprocal of one of the roots of the equation aW+b'z- |-c'=0. 

Show that (aa / -cc') 2 =4(a6'-*6c')(a'6-6'c). 

44. If the equations az*+bx+c=0 and aV-f6 r ar-f-c'=0 
have one root common and if the remaining root of the second 
is the square of the remaing root of the first then 


aV(<ic' —ac)—a , c 2 (a , b—ab t ). 

45. If quadratic equations be formed whose roots differ 
from those of xZ+px+q—Q by the same quantity, prove that 
the discriminants are the same. (D. l\ 1948) 





CHAPTER IV 

SERIES-ARITHMETICAL PROGRESSION 


4.1. A set of any number of terms formed and arranged 
according to some definite law and added together is called 
a series. 


Consider the following : — 

(1) 2,6, 10, 14, 18,. 

(2) |,3 f 6, 12, 24,. 

(3) 1 1 !- 1 

2 * 5 * 8 • ii’ * * 

(4) 3, 6, 11, 18, . 

(5) 5, 2, 12, 15, 9. 


V 


In (1) each term is obtained by adding 4 to the preceding 
term ; in ( 2 ) each term is obtained by multiplying the preced¬ 
ing term by 2; in (3) the numerator of each term is I and 
the denominator is obtained by adding 3 to the denominator 
of the previous term ; in (4) at first sight there appears to be 
no law of formation but a closer examination shows that the 
set can be rewritten as 


(1M-2), (2 2 -f2),(3 2 +2), (4*+2). 

and the law of formation is evident ; in (5) there is no law. 
Hence the first 4 sets form series, while, the fifth one is not 
a series. 


Arith 
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etical Progression 


4-2. A series in which the difference obtained by sub¬ 
tracting any term from the next following term is the same 
throughout is called an Arithmetical Progression ; written 
briefly as A. P. The constant difference is called the common 
difference. 


Consider the following series 

(1) L4,7, 10. 

(2) o, (a+ d) t (a+2d),. 

(3) 10, 8 , 6,4,. 

In (1) 4 — 1=7—4—10—7=.=3, thus it is an A. P. 

whose first term Ib 1 and common difference is 3. In (2) as 
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before the common difference is d. And in (3) the common 
difference is—2. 

It may be observed that an A. P. is determined if its first 
term and the common difference are known ; also that any 
term is obtained from the preceding one by adding the common 
difference or from the following term by subtracting it. Thus, 
if l is one term of an A P. with d as common difference, the 
preceding term would be l — d t and the following term would 
be l-rd. 

4.3. Given the first term and the common difference of 
an A. P. to find the nth term or the general term. 

Let a be the first terra and d the common difference ; 
then the series is 


a-\-(a-{-d)~x-(a-{-2d)~\-(a-\-Sd)~\- . 

2ndterm=a-f {£=na-f(2 —\)d 
3rd term=a-j-2d=a-}-(3 —\)d 
4th term=a-j-3d=a-ff(4—l,d 

We notice that the co-efficient of d in any term is always 
one less than the number of the term in the series. Hence the 
nth term=o-}-(n — l)d. 


Thus the nth term of a n A- P whose first term is a and 
common difference d is (a+n—Id). 


Ex. 1. Find the 12th term of the series . 

2, 7, 12, 17,. 

Here a=2. d —5 and n— 12. 

Hence 12th term=2-f(12 —1)5=57. 


Ex. 2. What term of the series 15, 13, 11, 9, etc., 
is—83 ? 

Let the nth term of the series be—83. 

The first term = 15, 
the common difference=13—15=—2. 

Hence the nth term=16-f (n—1)(—2)=17—2n 
17—2n=—83 ; whence n=50. 

Thus—83 is the 50th term of the series. 

Ex. 3 If the third term of an A. P. is 7 and the 5th 
term is 11, find the 20th term. 

Let a be the first term and d the common difference. 


s 
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Then the 3rd term is a~\~2d~l. 
and the fifth term is a+4d=ll. 

Subtracting, we get 2tf=4 or rf= 2, and therefore 

o=3. 

20 th term=a+lSd=3+19x2=41. 

I*; 4 ' , ri “, d th ® serie8 whose »th term is 2re +1. 

Put n —1, thus the 1st term=2+l=3 

„ n— 2, }> ,, 2nd term=4+l=5 

w ’ *' . ^ rd term=6+l=7 and so on. 

Hence the series is 3+5+7+9-{-. 

exercise XX 

the 10th ’ (*■) 25th . m nib term of the series 

2 Find the 29th term of the series —3 —5 _7 

»2. ’nXXZVl " a P ' 1116 *•’ >“ *«™ * 

form: “ th , e "? 'f 60 torms in an A. P. of Which the first 
term is 9 and the last term 180. find the 41st term 

• ®• T . he , sum of the 5th and the 12th terms of an A P 

the nthterm 6 SUm ° f ^ ^ and <he I5th t€rms is 1,1 ; find 

6 What terms of the series ; 

9+11 + 13+15-1-... ...are 65 and 99 1 

7. If the 5th and the 14th terms of an A. P. are 3 and 
-24 respectively, which term of the series is 0 ? 

8 . Find the series whose rth term is 3r—5. 

wh/ J' lst ; 2nd , Jlt h and /? th terms of the series 

whose (p+3)th term is 5p+6. 

10. Find how many terms there are in the series 
-3+3+0.+ 117. 

4*4. To find the sum of n terms of an A P 

het a be the first term and d the common difference • then 

the various terms of the A. P. are a, a+d, a+2d, and so on 
upto n terms. • 

If l denotes the last term,». e., the nth term 
then /=a+(n-l)d. 


(1) 
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The terms of the series in the reverse order are /, l—d , 
2d, and so on. 

Now if S n denotes the sum of n tenns, we have 

S n =a+(a-fd) + («+2d) +.+ (l-2ef) + (l-<*)-K 

And writing the seiies in reverse order. 

(i—d)+(/—+.+ (a+2d) + (a+d)+a. 

Adding, we get 

2S„=(a-W)+(04*O +.-t-(a + /h 

= (a-f /) written n times=n(a-W) 
n 


S„=-£ («+/). 


= a + a +( n ” 1 ) rf ] froni (1 ) 
= ^-[ 2a+(n- s -l)d] . 


...II 


It may be noted that in formula II four quantities, a, d, n 
and S n are involved, and hence when any three of these are ^ 
given, the fourth can be determined. 

Equation I gives the 6um of n terms of an A. P. when 
the first term and the last term are known, while equation II 
gives the sum when the first term and the common difference 
are known. 

Thus the sum of n terms of an A- P- when first term 
is a and last term is / is y (a-j-1)' and when common 

difference d is known it isy[ 2a~fi(n—l)d ] . 

Ex. 1. Find the 17th term and the sum of 17 terms of 

series 2-f 3£-f 4$+. 

Here a=2, d=3J-2=lJ=J A 

T n = a+(n-l)rf. 

Putting n=- 17, and substituting for a and d we get 
T 17 =2+(17-DS=2-i-16x|=2+20=22 
and S n = 2o+(»— l)d ] when n=I7 ^ 


S„ = ~[2X2+(17-I)i] 
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= ~ [4 +20]= 17 x 12=204. 

2 

The sum may also be found by using formula I 
i.e., S- ” (<M-/)=-^(2+22)=204. 

Ex. 2. The second term of an A, P. is 15 and the fifth 
term is double the first. Find the sum of first 20 terms of the 
progression. 

Let the first term be a and the common difference be d. 

Then the second term=a+ d—15 
Fifth term =a+ 4d=2a. 

These give a+d=15 
and -a+4d—0 

5d=15 

i.e., d— 3 and <z=12. 

Thus sum of first 20 terms 

— ^p{2x 12+(20—1) X 2} 

=10{24+57)=8I0. 

Ex. 3. The first term of an A. P. is—16 and common 
difference is 4. Find n, when the sum of n terms is 72. 

Here a= —16, d= 4 and 8=72 ; substituting these values 
in formula II, we have 

72= * [-32+(n-l)4J 

i.e. 144= — 32n-j-4n 8 — in or n 2 -#n-36=0 
or (»— 12)(w+3) —0 .’. n= !•» or w= — 

The first twelve terms of the series are 
— 16, —12, -8, -4, 0, 4, 8, 12, 16. 20, 24, 28, the sum of 

which is 72. 

If we begin at the last of these lei ms and count back¬ 
wards 3 terms, the Bum is again 72 ; thus although the nega¬ 
tive number n= — 3 does not answer the question , an intelli¬ 
gent meaning can be assigned to the negative integral value 

of n. 

Ex 4. Sum the series 

i-|-3—5-J-7-I-9—114-13-t-15-17-4-.to 3 n terms. 

The series can be written as 

( 1 + 3 —5)+(7+9—11)+(13+1&—17)+.to * terms. 

% - 
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o haVe to find the result of the following, 

(1+7+13 .terms)+(3+9+15+. ..to n terms). 

(5+11 + 17+.to n terms). 

2 ( 2 ~("~l)6)+f-(«+Cn-l)6)—10+( n -l)6 ) 
= « ( ^~2)+n(3„)- a (3 ? ,+2), 

of & ten terms? ^ **” ° f A ‘ P ' be 3 ?+ 2 > find the sum 

Here T;>=3p+2 

Tj=3xi+2 as 5 

T 10 =3x 10+2=32 

Hence by I, 

8 10 = ~ (5+32)=5x37=185. 

♦ i 8um °^ n terms of a series be w 2 -j-» *how 

that it is an A. P. and find it. tiow 

Sum of n terms — 

Su , m ° f termS =( n -l)2_( / ix 2 

nth teTm=(n i + n )-( n *- n ) == 2n * 

.. putting n=l , 2, 3 and so on, the sesies is 2-1-4+64-8 
+... which is an A. P. the common difference being 2. 

»-n«m ber ” ,h term=tunl of fir> ‘ n term-sum of fir»t 
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EXERCISE XXI 

1. Sum to ii terms the series 5+8+11 +. 

2. The sum ef n terms of an A. P. is 40, the fcommon 
difference 2, and the last term 13 ; fiod n . 

Sum up : \ 

1 , n +1 , 2 W +1 

Z~~r ~ 


3. 


n 


n 


4-}-...to n terms. 

n 


4 ( l ~ n )+( 1 ~^")+( 1- v)+.to n terms 

0i“l)+(tt—2)+(n—3)+ to n terms. 
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(6A Find how many terms of the A. P. —3, — }£, 0, li, 

mustne taken to give a sum of 225. 

/ 

7/ How many terms must he taken of the series 
5+7+9+.to make the sum 140 ? 

Explain the double answer. 

8 The sum of u terms of an A. P., whose first term is 5 
and common difference 36 is equal to the sum of terms of 
another A. P. whose first term is 36, and common difference f> : 
find n, 

9. r Jbeie are two A. P/s both commencing with 2, and 
common difference of the first beiDg twice as great as that of 
the second, and the sum of the first seven terms of the first 
being 63 more than that of the second. Find the two series. 

10. Find the sum of all numbers less than 500 which are 
divisible by 5. 

11. Find the sum of all the integers from I to 200 excluding 
those that are multiples of 3 or 7. 

12. The first term of an A. P. is unity and the ratio of t he 
sum of the first five terms to the sum of the next five terms is 
9 : 29. Find the series. 


13. Find the sum of n terms of a series whose (») rth term 
is 3r—5 (it) (r+3)th term is 3r—4. 

14 If the sum of n terms of a series is a/n 2j rbn, find the first- 
term and the common difference. 


15, Sura up the series 
/ 2 x-y , 3x-4y 

X+y T xJ[ _y 


+ 


4x —7 y 

x+y 


+ ... to (x+?y) terms. 


' V ' I tx 

16. Two travellers start together on the same road. One 
of them travels uniformly 10 miles a day, the other travels 8 
miles the first day and increases kjs pace half a mile a day 
each succeeding day. Afteffeow mofcy_.days will the latter 
overtake the former. 


17. An athlete during his training inoreases his daily run 
by miles every day ; he starts his training on the first of 
January and runs 3J miles on that day. Find (i) the day on 
which he runs 21 miles (ii) how far he has run from the 
beginning cf his training to the end of that day. 
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18. Obtain the sum of all numbers in the first 1 000 in¬ 
tegers which are neither divisible by 5 nor by 2. (P. u! 1922). 

4.5. Arithmetic Mean. If three quantities are in A P 

then the middle one is said to be the Arithmetic Mean between 
the other two. 

^ or Oie sake of brevity Arithmetic Mean is written A.M. 

If the quantities a, A t . A 2 b are in A. P., then 

Al ' ,2/.are defined as ,/ Arithmetic Means between 

a and b. 


4.6. To find the Arithmetic Mean between 

■quantities - 


two given 


Let the given quantities be a and b and A be the A M 
between them ; 

then, since a, A, b are in A. P. 

common difference=A— a—b— A 

2A =a+b. 

or a= a A~b 

2 

Thus the Arithmetic Mean of two given quantities is half 
the sum of the two quantities. 

Mote l. —To show that x, y, z are in A. P„ it is enough to 
show that 2y=x-fz. * 

Definition. The Arithmetic Mean of n quantities x,, x 2l 
x 3.*n is defined to be 


X n . 

n 

To find n Arithmetic Means between two git>en 
quantities . 

Let the given quantities be t a and b ; and let the „ Arith¬ 
metic Means be 

^ 2 >. ...A ft . 

Hence, a. A lt A 2 .. ...A„, b are in A.P. 


Then a is the first term and b is the («+2)th term. 
b=a+(n+2-\)d=a+(n+l)d t 
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St 


♦ « 





b—a 
n -b 1 


A 2 — CL~\-%d' :== 


2 ( 6 — a) 

a -f ^ ana so on. 


l 


A n =a+ n c?= a 



n{b — a) 
»+1 * 


Ex, 1. Insert 3 Arithmetic Means between 3 and V7 

Let the means be A lt A 2# and A a . 1 

Tben 3, A lf A«, A 3f ^ are in A. P. 

Let the common difference be d so that the first term is 3 
and 5th. term is . 

Vl 7== 3+(5-lM=3+4d. i. e. f 4d= l77 -3 
^_177 - 33 36 

/. A 1= =3-M=3-}-f? 

A 2 —34-2d=3*f-W. 

A a =3+3d—3*f xi R “ W• 

i * 

Ex. 2. Find the 14 arithmetic means which can be in* 
serted between 5‘and 8 and show that their sum is 14 times the 
arithmetic mean between 5 and 8. 


Let d be the common difference of the Arithmetic Progres. 
sion beginning with 6 and ending with eight when the 14 means 
have been inserted. 


Then the last term 8 is the 16th term of the series. 

8=5+(16-l)d, ».e.,d= 'I =i. 

15 o 


IT)us the means are 

I 2 

• KJ_- 

6 


6+T > 6+-g-. 6-f "i- 


The sum of 14 raeans=- 

14 r t 
— 1 13 1 - 


14 


<•+7 >+<'+“ I ] 


}-«<-*> 


* l J > * ' ^ 

~but the Arithmetic mean between 5 and gsa-t® — 

2 
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Hence the sum of the 14 means inserted above= 14 times 
the arithmetic mean between 5 and 8. 

Ex. 3. Insert n Arithmetic Means between n and Q n . 

I.et (I be the common difference, then 

2n=(n-f-2)th term = n-Kn4-2--l)rf 
. /_ n 

# * w I 1 * 

n + X 

Thus n A. M s. between n and can be written down. 

EXERCISE XXII 


1 . 

2 . 

3. 

4. 

5. 


a and b is 


Insert 8 Arithmetic means between —3| and 4. 

Insert five Arithmetic Means between 20 and 17. 

Insert p A. M.s. between p 2 and 1. 

Insert 8 Arithmetic Means between frr— 4y and oy—4z. 
Show that the sum of n Arithmetic Means between 

n(d-\~b) 




i : , e. n times the A. M. between a and b.- 


6. Find the ratio of the sum of n Arithmetic means 
between a and b to the sum of m Arithmetic Means between 
the same. 


4.8. Miscellaneous Methods and examples* 

Important T^ote : —It may be observed that whenever we 
have to take an odd number of terms in A . P. it is convenient 
to take the middle term as a and common difference as d\ 
while if we have to take an even number of terms in A. P. y ^ 
then it is convenient to take the two middle terms as a—d 
and a-Yd and 2 d as the common difference. For example 
six terms would be taken as a —5 d, a—3d, a--d , a + d, a*f3d. 

Ex- 1 • Three numbers in A. P are such that their Sum 
is 18 and their product is 192. Find the numbers. 

Let the three numbers be a—d% a, a-j~d. 


Ik 


l 


arithmetical progression 

DO 

Then from given conditions we have 

(a-tf)+a+(rt + rf ) = 18i Ui 3a=18 ora _ 6 

and a (a~d)fa+d)=W2, or a 2 —rf 2 =192/6=3° 
or d 2 =36—32=4, rf=±2 “ 

Tlie numbers therefore are 4, 6, 8 or 8 6 4 

m7; h "7l7j A P “*«'«“ 

4o=16,ie., o=4. 

A|S ° (a ~ 3rf )*+(o-rf) 2 +(a+rf) 2 + (a + 3d) 2 =84 
or 4a 2 +20d 2 =84, 

20d 2 =84-4x 16=20, 

V u d=±l. 

.. tne numbers are 1, 3, 5 , 7 . 

Asvsr;j“ d !lh **”»*■ 

P±Sf„ , . , 0-6 •) 

2 L +6+ p--? 

L^t the first term be a and common difference be fl 
Then T,=«+(p_i )/J=0 p '- 

T « =<*+(?-i)js=A . 

Subtracting we get . l,/ 

t>-a=(q-p)p 

# 

B = b ~~ a ;=: a Z b 

q—p p—q * v .(tit) 

Adding (i) and (ii) we ge*. 
ai-b=2a+(p+ q -.2)B 

, * . M 

Now $»+«= E |- ? [2«+0+ 9 -1 ) j 8] 

= ? ± 9 [2<«+(p+ ? _2) j 3+/3) 

=? T g [ a+b+ ~f- q J t fro “ (»») and (iv)]. 
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Ex- 4. The sum of y terms of an A. P. is *$r a +3r. Find 
the pth term. 

Here S f =4r*-f-3r, so S r _ 1 ==4(r— l)*+3(r — 1). 

,\ T f ~S»—'S r _ l =4[/' J —(r—l) a J4-3=4 v 2,*-l)+3 

-=3j—1. 

T P =8p-I. 

Ex- 5. If a 2 , 6* and c 8 are in A. P. f show that 

—\— —L_^are in A. P, (H. S. 1949) 
6+c c+a a+b 


Now 

If 


.* J_ t —*— are in A. P. 
b+c c+a a+b 

1_1_1_ 1 

c+a b+c a+b c+a 


■r ( 6 ~ q ) (c— &i 

or “ (c+oK6+c)-(e+a)(a+6)’ 

or if 6 2 —a 2 —c 2 —6 2 

or if a 2 , 6 2 , and c 2 are in A. P. 

Hence the result follows. 



Ex- 6. The sum of n terms of each of the two A. P.’s are 
in the ratio 3 n -f4 : + 6, find the ratio of their lith terms. 

Let a u a 2 be the first terms and d lt di the common 
■differences of the two A P’s. 


the ratio of 11th terms 

_rti + 10rfi _2a 1 4-20rfi 2a 1 4-(2I-l)d? 

~a. i +\Qd. l ~2 a 2 -r'20 rf 2 2o t + (21-l)rf/ 


?i-[2a l +(2!-l)rf 1 ] 

[2a*+(21—l)d g ] 

Sum of first 21 terms of one A. P. 
= Sum of first 21 terras of second A. P. 


__«X21-M/.S 3n±i nd 

— - . . yi! . • n# -- a /» 


5x2l+fi\‘ , S' n 5n4*6 
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Ex. 7. If a , 6, and c are in A.P., prove that 

a 2 (6-(-o)-|-A 2 (c-f-a)-i-c 2 (a-f6)=*(a-f6-hc) s . 

Since a, 6, c are in A P., let a=l- m , 6=/, c=/+„, 

**• LH.S.=(/- /w ) 2 t2/+ m )+/* X21+(l+ m y{2l- m ) 

= Wil+m)*+ll—m)*]-m[U+tn) a -U- m )*\+2i* 
=4 Z 8 -f 4/« t 2 - 4/m 2 +2Z 3 =6Z 3 5 . 

R.H.S.=£ (/- /-f-m) 3 =| x 27/ 3 =6/ 3 . 

• Ex- 8. Find n such that 

a n+1 -ffc»+i 

a r»_|_ ™ a y d© A. M. between a and b. 

Here A. M. is “± 6 

2 * 

+ I g_f_£ 

a«+5« “ _ 2 

or 2a" +1 -f 26'H-i+$g» -f &*-< i 
or a"(a-b)=b n (a-b) 

.'. a n = 6" since a=^b 
/a x « 

.,e„ (- r ) =1 

•\ 71 = 0. 


EXERCISE XXIII 

la8t - term i° f an A * P * is ten times the firfifc » and 

the last but one is equal to the sum of 4th aDd 5th. Find the 

number of terms and show that the common difference is equal 
to the drat term. ^ 

kJ' . The ,^ n ' °f f hree numf)era in A. P. is 24 and their 
product is 440 ; find the numbers. 

3. The sum of three terms of an A, P. is 15 and the sum 
of their squares is 83. Find the numbers. 

t 

4. The sum of three numbers in A. P. is 27 and the sum 
ot the equates of the two extremes is 170 ; find the numbers 

5. Four numbers are in A. P. Their sum is 24 and their 

product is 945. Find the numbers. 
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6. Four numbers in A. P. are such that the sum of the 
two extremes is 14 and the product of the means is 45 ; find 
the numbers. 


7. Divide 32 into four parts which are in A. P. such that 
the product of the first and fourth is to the product of the 
second and third in the ratio of 7 to 15. 

8 . The sides of a right-angled triangle are in A. P., show 
that they are proportional to the numbers 3., 4, 5. 

9. Show that if unity be added to the sum of any num¬ 
ber of terms of the series 8+16+24.the result is the square 

of an odd number. 

10. If the sum of n terms of a series be a quadratic expres¬ 
sion in n, prove that the series is an A. P. and find the first- 
four terms of a series the sum of whose n terms is 4« 8 +3. 

11. The sum of a series upto n terms is 2n 2 +n+5. tind 
the series, Is it an A. P. 

12. Find the first five terms of a series of which the sum 
to n terms is n 2 +2n, 

13. If a, 6 and c the xth, yth and zth terms of an A. P., 
show that a(y— z)+6(z— x) + c(x— y)=0. 


14. If i -T- are in A. P., show that a, b and c 

be * ca ’ ab 

are in A. P. 

15. If a, 6 and c are in A. P., show that 

ab-j-ac 6c+g 6 ca+c6 


ca 


16. If 


be 

1 


6+c * c+a * a+6 


ab 


are in A.P. 


1 


I 


are in A.P., show that 


a ^J) c 

6+c ’ c+o * a+6 


are in A.P. 


17. If a, b and <* are in A. P., prove that 
a 2 (6+c), 6 2 (c+a), c*(a+6) are also in A. P. 

Also that if a(6+c), b{c4 a), c(a+6) are in A. P., 

then — , /-and — are in A. P. 
a b c 




i 
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18. .If the pth term of an ,A. F. is q and nth 
find the mth term. ' 


term is p , 


19. If/? times the /?th term of an A. P. is equal to rn times 
the mth term, prove that (m-t-n)th term is zero. 

20. The sum of p terms of an A. P. is q t and the sum of „ 
terms is p, show that the sum o[ p+q term is — (p ^q). 

21. If the sum of the first p terms of an A. P. is zero ; 

show that the sum of the next q terms is — a } } ,q n g 
the first term. ^ 


22. IfS l .S 2 ,S 3 be sums of //, 2/? and .’I/? terms respective, 
ty of an arithmetical progression, show that 

S 8 =3(S 2 —Si). 

23. Prove that if the number of terms of an A. P. be odd, 
the sum of the first term and the last term is twice the middle 
term, and the sum of the series is equal to middle term multi- 

Vplied by the number of terms. 


[Hint Let the number of terms be 2/r-f-l, so that middle 
term is (/?-|-l)th term.] 

24. If a be the first term and l the last term of au A. P. 
prove that the sum of the 10th terms from the beginning and 
the 10th term from the end is a+l. Show also that the sum 
of two terms equidistant from the beginning and the end is 
constant. 

25. An A. P. contains 2/j-fl terms. Prove that/? times 
the sum of the first, third, fifth, etc., terms is equal to (n-pl) 
times the sum of the second, fourth, etc. terms. 

26. There are two series in A. P. the sums of which to n 
terms are as 13 — In - 3/j-f-l. Prove that their first terms are 
% 3 : 2 and tneir second terms are as —4 : 5. 

27. The first, second and last terms of an A. P. are res¬ 
pectively «, 6, c, show that its sum is f c ~~^. 

v 2(6—a) 


CHAPTER V 

GEOMETRICAL PROGRESSION 


5.1. A series in which the ratio of any term to the pre- i 
ceding term is constant throughout is called, a Geometrical ^ 
Progression. This constant ratio is called the common ratio. 

Tor brevity, a geometrical progression is written as G. P. 

Consider the serits : — 

(1) 1 -f- 3 -f~ 0 —27 —p-. 

(2) 2— £+&—32+ . 

(3) a+ar+ar 2 -\-. .. 

In the first series any term divided by the preceding term 
gives 3 and therefore Iho series is a G. P whose common ratio 
is 3. In the second series the common ratio is—£ and in the 
third the common ratio is r. 

It is clear that any term is obtained from the preceding 
term by multiplying it with the common ratio, or from the*^ 
following term by dividing it. 

Thus, if one term of a G P. is / >f and common ratio is r, 
the following term would be/r and preceding term would 

,1 


be 


5.2. Given the first term and the common ratio of a 
G. P- to find the general term or the nth term- 

Let a be the first term and r the common ratio of P. 
Then 

2nd term—ar =ar 2_l 

3rd term—or 2 =ar 3 “ ! 

4th term^aj^ar 4 - 1 . 

We notice that in any term the index of r ie one less tha4~ 
the number of the term in the series. 

Hence the /*th term— ar n ~ l . 

Thus the nth term of a G P > whose first term is a and 
common ratio is r is ar”" 1 . 

Observe that a G. P. is given if its first term and the 
common ratio are known. 


h 
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Ex. 1 


Find the 6'h term of a 0. P. whose first term is 
72 and common ratio is—-. 


Here a=27, r=\ and n=6. 


* 


6th term=eir c “ i =27 x y = = L 

8th 1 urm is 9eHeS “ ° P " h ° Se 5,h ^ rm is 80 and 

Let a be the first terra, and r the common ratio • then 
T 5 »aH«80, and T 8 =ar 7 =64U. 

■ b J’ division r>= 6 “ =8i.«. 1 ' r =2 ; 

and since ar‘=80, we get 16a=80 or a=5. 

Thus the series is 5+ 10-f 20-f 404*. 

Ex. 3. Develop the series when its rth term is a© 2 '- 1 
Evidently the series is obtained by putting r —1 2 3 * 

Hence the various terms are ap , ajfi , ap* .’ *. 

EXERCISE XXIV 

1. Find the 6th terra of 5 — ?? 




3 * 9 * 

2. Find the 7th and the ©th terms of the series 

\\ . 

. 3. hind the 10th ttrm of the series in G. P., whose 5th 

term is 48 and 8th term is-384. 

4. Find the 6th term of a series whose wth term is 3". 

5. What terra of the series 1 \ * * I 

’ 2 ’ 

1 1 


— is_? 

4 ' 8 ’- 18 512' 


-t 6. What term of the series — — 

2 * 4 * 8 


1 


11 .. 

’ 16 '• 1S 256 ? 


— * v iv £*0\J 

Tt , ?■ Tbe twm of a G. P. is 6} and the 7th term i 8 the 
reciprocal of the 3rd term Which term of the series is 1 ? 

8. Find the value of missing terms of the series 
? 6 i. ? ? 486. 

a it? If ,‘>*? an A - P •> (»*) ‘f it is a G P. 

at* ■ term ofaG. P. is the square or the first, 

and the 5th term is 64 ; find the aeries. (H.S.B. 1946> 
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10. Prove that a series formed by the reciprocal of each 
term in G P. is also a G. P. and its common ratio is the reci¬ 
procal of the common ratio of original series. 

5.3. To find the sum of n terms of a G. P. / 

Let a be the first term and r the common ratio, and S* 

the sum upto n terms ; then 

S*+ar-f ar 2 +.-f crr n - 2 -f ar n ~ 1 

rS„= ar-f<zr a -f..+. +ar»~' +ar» 

Subtracting, we get 

S„(l— r)=a— ar" 


i.e 




a(l—r n ) a(r M — 1) 


or 


—', provided 1. 


1 —r r 

Thus the sum to n terms of a G. P. whose first term is <* 

and common ratio is r, »s - 

Tf'Ote- When >*= 1, .4* to w terms, so 

thatS w =>?tf. ytf' 


Cor- Since the last term l—ar n ~ l i we have /r=ar n 

c a—rlrl-a 
1-r' r- 1* 


Ex The second term of a G. P. is § and the fifth term is 
Find the 7th term and sum up to 7 terms. 

Let a be the first term and r the common ratio. 


2 16 
Then err=-r and ar 4 = 


81 


8 2 

Dividing we get ff* or r== • • 0 


1. 


, . ✓ 2 \° 64 

,he 7th term -l^y) = 729 . 


Sum up to 7 terms= 




> - 


•A 


1 — 128 

2187 « 128 o_601 

—i- 6 729 729 * 

T 



i 

i 







geometrical progression 


71 


EXERCISE XXV 

Sum the series : 

% 

1- + .up to 8 terms. 

2 . 1 


l + \/2 —....up to 10 terms. 


3 

4 


0 9-f-‘09 4* 009.to n terms. 

If the sum of« terms of a G. P. is 728, the common 
ratio being 3 and the first term being 2, find n . 

1 Q 9 5 ?' ?! the - fir8t term is 3 ’ the la8t but one term is 

192 and the last term is-384. Find the sum of the series 

6. Find the sum of the series : 

(*+<J) + (a: 2 +2a)+(a^+3a)-f- .. to „ terms. 

r ii 7 ' A rubber ball thrown vertically into the air 60 feet 
falls and rebounds 40 feet. It falls again and rebounds 26? feet’ 
and so on. VYhat distance has the ball traversed up to the 
instant when it hits the ground for the tenth time ? 

nilm 8 / T r? Um 0f V3 +3+3V3 +.is 39+I3V3' find the 

number of terms. (K. U. 1951) 

5.4. Infinite Series : So far we have been dealing with 
■fc., consisting of a finite number of terms. We shall-now 
dmider series in G. P. where number of terms is not finite * 
senes are called infinite series . 7 ’ 

For example, let us consider the un-ending series 1,11 1 

jmrl'ik wh f ^ COBI “ on TAt }° is i* which is less than unity! 
and theref^p the terms go on decreasing successively. J 

kum to n terms, or S„ is given bv 

i-^L * . 

2» j 

T^'i 80 that S « is less than 2 by x l . ■ 

As „ becomes larger and larger-L becomes smaller and 

smaller, and therefore the difference between S„ and 2 becomes 
smaller and smaller, so that when n is very large the difference 
between S„ and 2 is very small. This is expressed by Z 

th e limiting sum of the above infinite series is 2. 
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But if we start summing the terms from the beginning* 
it is clear that the process of adding up will never stop, as the 
number of terms is unlimited ; and therefore we cannot find the 
sum of the series in the ordinary sense of the word ‘sum’. 


As an illustration, let us assume that in the above series 
we are dealing with rupees. Then adding up ; 




Rs. 

as. 

P 

S^Re, 1 


= 1 

0 

0 

S 2 —Rs. (1-FH) 


= 1 

8 

0 

S 3 =Rs. (1+J+J) 


= 1 1 

12 

0 

S 4 =Rs. (l + i + J+J) 


1 

= : 1 

14 

0 

S 5 =Rs. (l+i+i + J+i®) 


= 1 

15 


S 6 ~Rs. (1 + 


= • 1 

15 

1 

6 



Rs. 2. 


Also we find that 




S x <Rs 2 

by 


Re 

1 

$2 n 

>» 


8 annas 

S 3 » 



4 „ 


9) 


2 , 

1 

S 5 a 

9> 


l anna 

S 6 „ 



6 pies 


i 


j 


4 


o 


From this it follows that as we continue adding up, the 
difference between the sura obtained and Rs. 2 continues 
diminishing; also each term that we add fills up only half 
of the deficiency ; so that however large the number of terms 
maybe taken, the deficiency will never be filled up*\e., the 
sum will never be Rs. 2. But as the process of adding conti¬ 
nues, the deficiency constant^ decreases and can be made as 
small ns we like. This phenomenon is described by saying 
that the limiting sum of the above infinite series is Rs. 2. 

In the following article we take up the general G. P. 
continued to infinity. 
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5.5. T o find the limiting sum of an infinite series in 
G . P whose common ratio is numerically less than one. 

Let a be the first term and r the common ratio, r< 1 
numerically. 

The sum S„ up to n terms, we know, is given by 

o __ a(l — r 11 ) _ a a 

vSn— —i ~ i--. 

i— r 1—r 1 —r 

Now, when r is numerically less than one, ? n decreases 
as n increases ; so that when n becomes larger and larger 
ay 11 

l _ becomes smaller and smaller and consequently the 

•difference between S n and- 


a 


. — can be made as small as 

1 — r 

we like. The limiting sum of the above series, therefore, 

• a 
is 

i — r 

Thus the sum to infinity of a G P. whose first term 
is a and common difference is r (which is numerically 

<D is 


l—r 

Note 1. —When the limiting sum of an infinite series is 
known to be finite, the series is said to he convergent. Thus, 
the infinite series in G. P. is convergent if the common ratio is 

less than one numerically. 

* 

Note 2.—The limiting sum of an infinite series is, for the 
sake of brevity called its sum and the process of finding it is 
•called summing it up. 

• 2 4 }> 

Ex. 1. Sum up to infinity ~ +- + : r. 

The sum is —, where a—\ and?=§ : 


Sum= 


= 2 . 


l-§ 

Ex. 2. Find the value of *237. 

*237 means *2373737 


to infinity 
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*237=*2 + *037+‘00037+’0000037 +. 

2 , 37 37 . . . c .. 

ToT iooo + iooooo . 01 m y ’ 

which excluding the first term, is a G. P. whose common ratio 
1 

is .-. 

100 

. i _iMn _- 2 i 37 - 198 + 37 

•• io 1 - T (To 10 990 990 

= 235 
990 ‘ 

Observe that the same result is obtained by the usual 
mechanical formula for recurring decimals in arithmetic : in 
fact the mechanical formula in arithmetic is based on this 
principle. In the next example we proceed to prove this. 

Ex. 3. Find the value of NRRR.to infinity where N 

contains n digits and R contains r digits. 

Let S—-NRRR.to infinity. (t) 

10n+rs=rNR*RRR.to infinity. 

l(i)x 10"+*] 

10*S = NRRR.to infinity. 

[(*)X10") 

Subtracting, (10 M+f — 10 n )S=NR — N. 

„ « NR—N 

Hence S l0 n Cl0 r —i) ’ 

But 10 r —1 is a number consisting of r nines and 10” 
represents a unit followed by n ciphers. 

EXERCISE XXVI 
Sum up the following series to infinity : 

1+ T + ie + S4 + . 

2. 2-1+ + . 3. 3V2+3+ A +. 

4 a+l-b —.(where a is numerically>1.) 

5. 1-2* -t-4* J -8* 3 +.(*>i numerically.) 
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_*+_».+ *. + *+ 1 + 
3 9 9 97 


27 ’ 27 

7 The first terra of an infinite geometric series is 2 and 
the sum to infinity is 3. Find the common ratio and the sum 

to n terms. . _ 

8. Find the common ratio of a G. P. whose first term is .> 

and whose sum to infinity is lo. 


9. 


If ?/ = l-fa:+x 2 -f.(a?< 1 numerically), show that 


*= y- x 

y 


10. Sim ply fy : 

xKxK «*.to infinity. 

11. Find the value of the following recurring decimals by 

summing up a G. P. * 

(t) -5 («) 10 01 {Hi) '2341. 

5.6. If three quantities a G and b, are in G. P.. then 
is defined to be the Geometric Mean between a ana o- 

If the quantities a, gu b a ? e ™ ^iptwppn a 

g 2 and g>, are said to be n Geometric Mean, between a 

For the sake of brevity Geometric Mean is written as G. M. 

5.7. To find the G. M. between two given quantities . 

Let the given quantities be a and b and G be the Gte 

metric Mean between them. 

Then a, G and b are in G. P. 

/. ~ , *.e.G-=o&, 

or G=Vob. 

Thu* the Geometric Mean of two quantities is the square 
root of their product. 

Note- To show that x, y, z are in G. P , it is enough to 
show that y 2 ~xz. 

' Definition . The geometric mean of /^quantities 

*1- *4. %9 .* 8 (*l***a .*»)"• 
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5 8. To insert n Geometric Means between two given 
quantities. 

Let the given quantities be a and* b and let the required 
Geometric Means be g l9 g% . g tt . 

Then by definition a, g lt g 2 , . gni 6 are in G. P. 

Let the common ratio be* ?•. 

Then the (/? + 2)th term of this G P. is b. 

ar n+2 ~ l =b. i-e-, ar n+] = b, or ? /l+1 =~. 

a 

1 1 


b vtt-f-l 


/ n / u \) 

•• '=(*) 

2 

b \/i + l 


b \n +1 


n 


b \?*-f 1 


&2 -ar*=a (~)" + . gn=a,-"=a 

5.81. Product of n Geometric Means between a acd fc. 

_ . (P U. 1947.) 

From Art. 5 8, we have 

-\-n t ? 0 i 4 1 ) 

«,x fo x.«."«■ (v) " +1 -«-(i ) 2, ” +1 > 

- ( t ) 2 -<“ >T 

=( 

Thus the product of » Geometric Means between a and b 
is equal to the «th power of the Geometric Means between a 
and b. 

Ex. Find the G. M. between § and 486 and also insert 5 
Geometric Means between them. *:»• 


Let G be the G. M. between f and 486 
Then §, G. and 486 are in G. P. 

G=V ! X 486=\/324== 18, 

Let g lt g 2 > gz, «nd g 5 be the five Geometric Means be¬ 
tween § and 486. • 

Then, by definition §, gi, g 2 , gs> g 4 > £s. 486 are > n G. P. 

Let y be the common ratio. 
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Since 486 is the 7th term of this seri« s 
.\ §r 7 - 1 =486 i. e . t r 6 =243x3=3°, or ,=3. 

gi-fr=§X3 = 2 

gt®f» J =|x9=6 
g 3 = ir 3 =§x27=18 
g4— b A =$ X8i=54 
and gs —i# ,5== § X 243= 162. 

EXERCISE XXVII 1 " 

1. Insert 3 geometric means between 3 and 48. 

2. Insert 4 geometric means between § and yj. 

3. Insert 6 geometric means between 28 and — j*' 

4. Find n such that— — — may be the geometric- 

mean between a and 6. 

5. The geometric mean of two numbers is 8 and the 
arithmetic mean is 17. Find the numbers.* 

6. If the first and last of five geometric means between 
two numbers be—; find the numbers. 

7. Insert between 4 and 18 two numbers, such that the 
first three may be in A. P. and the last three in G. P. 

5.9. Miscellaneous Examples : 

Important Note : — When we have to take an odd number 
of terms in G P . it will be convenient to take as the common 
ratio . Similarly when we have to take an even number of 
terms in G. P. it will be convenient to take the two middle 

terms as and ar and r 2 as the common ratio• 

r 

Thus 3 terms in G. P. may be taken as a and ar, while 

T 

4 terms in G. P. may be taken as 

a a 

- o.» -. ar, fl?* 4 . 

)» r 

Ex- 1 Find the numbers in G. P, whose product is 2 7 
and whose sum is 13. 

Let the three numbers be - , a and ar. 

r 


Then 


xaxar=27, i. e a 3 =27, or a=3. 
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Now tf-r^ap-r 

yr~l> = a r ~( ) I{ , t- ) ){'-P) ‘ 

z r>-Q=aP'vl\ r - 

v * 

X<l~r Z P= a' 1 '* 

=a°/°=-I. 

Ex. 7. From three numbers in G. P. three other numbers 
in G. P. are subtracted and the remainders are still in G. P. 
Prove that the three series must have the same common ratio. 
Let the first G. P. be a, ay, a r 2 and the second be 6, 6m, 6m 2 
the series formed by their differences is ' — 
a— 6, ar—bm> ar l — bm 2 

Now these are in G. P. if (a) —6m; 2; =(fl“-6)(ar 2 —6m 2 ) 


i‘ e • if abir- m) 2 =0. 
or if r=m. So that first two seriesj 
Now for the third, 


the ratio = 


ay—bm 

a—b 


(a—6)r 
a—b 


have the same ratio. 


Thus the three series have the same ratio. \, 


EXERCISE XXVIII 


I. The product of 3 numbers in G. P. is 64 and the sum/ 
of their products in pairs is 56. Find the numbers. 

2 The product of three numbers in G. P. is 216 and the 
sum of their products in pairs is 126, find the numbers. 

3. Find three numbers in G. P. whose sum is 19 and the 

sum of whose squares is 133. (P. U. 1946.) 

4. A number consists of three digits in geometric 
sequence. The sum of the digits is 14 and if 694 be added to 
the number, the digits will be reversed. Find the number. 

5. Three numbers whose sum is 15 an in A. P. ; if 1. 4 
and *9 be added to them respectively, the numbers are in 
G. P. Find the numbers. 

6. If a, b, c, d .be (n 4- IT <3&antities in G. P. show that 

a 2 _^2 b 2 —c\ c 2 ~-d 3 ..are also in G. P., and find the sum of 

the n terms of this series. 

7 In an A P. the common difference exceeds the first 
term by 12; the first term increased by 1, the second term 
increased by 2, and the third teim increased by 1 are in G ; P. 
Find the two possible values of the common difference. 
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8 . The sum of the first five terms of u G P is M -md 

Zd ” termS M° m l , h6 6t f h t0 the 9th ' b0th ^“ive is 729 

?° 3Sl 1 b,e va!ues for the common ratio 
4 . the sum of (a+6 # 2 -(a 8 —6 2 )+r 0 -/>\ 2 _ ^ 

infinity, where a and 6 are both positive or both negative."" 

(«) find an infinite G. P. whose sum is 49 and the sum nf 

whose first two terms is 45. Show that there are two such nro 

gressions, and write down the first 4 terms of each P 

bum to n terms the series • ^ * V 


14 


-V- 


15. 


10 4 + 44 + 444 +. * - -*;• \ . 

11. .3+33+333 +. ^ 

}?’ i° 71 te ^ ms the peries *hose „th term is 3» + 2" 

lo. 11 a, 6, c and d are in G. P., prove that 

a+6, 6+c, c + rf are in G P. 

14. If a, b , c and d are in G. P., show that ' ' 

(6-+c) a , (c+d, 2 

. a J e *** an< ^ 80 are their reciprocals. V - 

-*u 15. If a, 6, c and d are in G. P #i show that 

(a+6+c+d) 2 =(a+&)*+2(£+c) a +(c + d)» 

“ 10 *• * l " o' r- »*• 

U * and b b 'c respectively^pro^that* A ' M '* bCtWmi 6 
—=2- i 4-i - 2 

* 2/ ’ * y 6 • (K. C. 1950) 

U> The first term of a convenient serins in n p . 

theeumto infinity is 6 Find the sum up to n terms. ' 

is „„7 h ♦ terra . of a g eome tno series continued to infinity 

^ms nd F^dX^ner qUa ' * '^ '° f ‘*" reeding 

^qIL8^i.M«m1rs n 3i nfi FL G thLerie 8 8. and U “ e 8Um ° f the 

.. An A P - , '. nd a Gp begin with the same term- the sum „r 
their first terms is 4, of their second terms is 10 and of their third 

2? ,S Th 4 7 , " d + the CO r on d,fferente and ihe ~mm„77uo 

21 The tirst term of an A. P. and a G P am » 

to 3, and the common difference of the former is 
common ratio of the latter, the third term of the G P i« « r e t & 
than the the third terra of the A P bv I Find th* k r8 *ter 

values of the «*mon difference andThecomm 00 ^ 0 ° P ° Smb ' e 

ffi r -*■ 
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22. The sum of an infinite G. P. is S and the sum of the 
squares of its terms is s . Show that the first term and the 
common ratio, are respectively, 

2S* o , S 2 -* 

6> 2 +s “ d S 2 + s ' 

23. If x, y> z be respectively the jpth, ^th and 7 *th terms of 
a G. P., show that x (f ~ r y r ~i>zi ) - < i=l. 

24. If P be the product of n terms in a G. P., S their sum 
and R the sum of their reciprocals, show that P*R«—S w . 

25. If p is the product of „ terms in a G. P. of which a is 
the first term and / the last term, prove that p 2 ^=a n J n . 

26. In a geometrical progression, show that the product of 

any two terms equidistant from a given term is equal to the 
square of the given term. 

27. If the pth term of a G. P. is x and nth term is u , find 

the rth term. . 

28. Sum up the series 


(*+y)+(* 2 +^+y‘ ) +(* 3 +* 2 y+V+y 3 ) + ...to „ terms. _ 

29. A marble ball falls from a height of 16 ft. and after 

striking the floor it rebounds to three-fourths of the height it 
fell from and so on. Find the limit of total distance travelled 
by the ball before coming to rest. 

30. A lamp hanging at the end of a chain is pulled to the 
right, one foot out of the vertical and is then released. It 
swings to a point (T9 ft. to the left, then *81 to the right of the 
vertical and soon. Find the limit of the total distance the 
lamp describes before coming to rest. 

31. Show that the amounts of a certain sum of monev for 
various y«ars at compound interest form a G. P. Find, to the 
nearest rupee, the amount of Bs. 500 in 4 years at thcVate of 
10 per cent. 


32. Iffl 1 ,a 2> .be a G. P., show that—, — ...JL 

Oj flo * Q n 

is also a G. P. If S be the sum of first n terms of first G. P. 
and S be the sum of first n terms of second G. P. then show* 


that 





* 



33. Find the sum of the infinite series 

l + (l+6)r+(l-fc-f-fc 2 )rH(l + H6Hfc 8 )r 8 +. 

r and b being proper fractions. (P. U. 1950) 




CHAPTER VI 

* 

HARMONIC PROGRESSION 

6.1. A series is said to be in Harmonic Progression when 
the reciprocals of the terms form an arithmetical progression. 

For example the series 

( 1 ) 


< 2 ) 


1+ t + t+t 
2 , 2,2 2 
3 + + T + y‘ + - 


(3) -- + * . + - 1 . 

a a+a a + 2d 
are obviously in harmonic progressien, lor the series formed by 
tho reciprocal of the terms of these series, 

(i) 1+2+3 + 4+... 

.... 3,5,7, 9, 

(“) T + '2 + l + T + ’" 

(in) rf)-h(a-f 2d)-f.. are in A. P. 

It follows, therefore, that if a series be in arithmetical 
progression, the reciprocal of the terms will form a harmonic 
progression. 

Note- For brevit}*, harmonic progression is written an 

H. P. 

6.2. If a t b 9 r , he in H.P . show that a ^ 


Since a, b, c are in H P. 


« • 


1 
6 

Hence 


1 

a 


1 

c 


1 




1 

a 

a—b 

ab 


b—c 


a 

r 


1 1 
6 ’ c 
b — c 
be 


— . are in A. P. 


I 


6 

a—b _ ab __ a 
b—c be c 

6 . 21 . Working the same process backwards it can be shown 

that if = c ^ en a f b, c are in H. P. Consequently a 

harmonic progression rrav also be defined as a eerie* in which 
every three consecutive terms satisfy this relation namclv the 

w 
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ratio of the first and the third terms is equal to the ratio of the 
difference of the first and the second to the difference of second 
and third terms. 

Ex. Find the first term of an H. P. whose second term 

is ? and the third term T 
«> • 

Let a be the first term, then a, I \ are in H. P. 

* — «-t T i-l 


ie-. 


2a= 10(a—§) —10a—6 or a=f« 


6.3. To Find nth term of an H . P. 

From the definition ot H. P, it is evident that /jth term of 
an H. P. is the reciprocal of the ,?th term of the A. P. formed 
by taking the reciprocals of the terras of H. P. 


Tim? if 1 , 1 1 

<i a+rf a+2,/ a+3d 

then its ,/th term is - — 


be an H. P., 


a+{ n -U: 

Ex 1. Find the 8th term of the series 

l 1 •> 

13 ’ W ' ff. 

13 t> 11 

Here reciprocals of the terms are —j-, — 
jr an A. P, whose common difference is — 

8th term of this A. P.= ^-4-(8—1)(—J)=3 

Si 

8th term of the given series=£. 

Ex. 2. Find the n th term of the series : 


...this 


x+y + + 


x-\-y 


2x-y 


+. 


3a;—4^ 1 4a*—7 y 

Here the corresponding A. P. is 

2 r—y . 3 r-4y 4a:-7 y 

—-— "j -— - ' —“ j ••• •• •• 

x+y x +y xJ ry 

Whose common difference is 


• » 


its nth term= 


*+y 

2r-y-Hn~l)(s~3,y) 

x+y 
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/. the required nth term of the given H. P. 

^ —fy 

2x-y+ (n— l)(x—3y) 
z+y 

(n+l)x-(3 n -% * 

6.31. Sum of any number of terms of an H. P‘— t 
The student should caielullv note that the sum ol first n 

tenns of an H. P. is not equal to' the reciprocal of sum of first 

n terms of the corresponding A. P. There is no formula to find 

the sum of n terms of an H. P. In numerical examples we can 

only sum up the terms actually. 

Example :—Find the sum of first six terms of the series : 

L L 2 -2 

5 ’ 3 ’ ’ 

Here corresponding A. P. is 

e . o 1 1 

.--whose common difference is—1. 

2 2 2 2 

first six terms of A. P. are 

5 3 J L -JL 

2 "» Y' 2* ~~ 2 * 2 ’ 2 

Sum of the first six terms of the given H. P. 

=14.1+2-2- 

& ~ 3 35 


=0 

Notice that this sum is not the sum of the reciprocal of the 
corresponding six terms in A. P. 

6.4. If a t c t b are three quantities in H- P : then c is said 

to be the Harmonic Mean between a and b . 

If a% H n > bare in H.P-then H 1 ,H Z -H n are 

defined to be n Harmonic Means between a and b. 

6.5. To find the Harmonic Mean between two given 


nM *l!eta, 6 be the given numbers and let H be the Harmonic 

Mean between them. 

Then since o, H and b are in H. P. 

—, -j- are in A. P. 

a H 0 . 
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or 


l-A + I- 

H a b 


H= 


2ab 
o+6 * 


6 +a 

ah 


Thus the H. M. bet ween two quantities a and b is— 

a+6 

6 - 6 - To insert n Harmonic Means between two given 
numbers a and b- 

This is easily done by finding the n arithmetic means 
between - and - - and then taking their reciprocals. 

Example. Find (?) the harmonic mean between 2 and 3, 
(n) and also insert 3 harmonic means between 5 and 6. 

(t) Let H be the harmonic mean between 2 and 3. 

Then 2, H, 3 are in H. P. and therefore, 


1 

2 * 


o are in A. P. 


. i _} l _ 1 2 1 15 

'• H 2 — 3 H° r 'H _ 2 + 3 = 6' 

H=V- 

Otherwise thus : Harmonic mean between a and b is 

2a6 tt_ ^ „ 


a+6 


. Here a=2, and 6=3. 


. „ . . 2x2x3 12 

. . Harmonic mean is —-——- —— # 

2 + 3 5 

(ti) Let us insert 3 arithmetic means between * and £ 
and take their reciprocals. * 

Let A x , Ajj, A 8 , be the arithmetic means between £ and 

Ai, A 2 , Ag, J are in A. P. Let the common difference 
be d. Then since J, is the 5th term of this A. P., 

1 1 1 ~1 


/. .L+(5-l)d=4- or 4 d =~—- = — 
* 5 * 6 6 5 30 


d = 


-1 

120 * 
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• • 




A/> = 


h d ~l 

1 


5 +2d 

1 


A a = —-f3d= 


1 

5 

1 

5 


120 = 
1_ 

“60 

1 


40 


1 3 _ 

120 * 

n 

'' 60* 
5 40 * 


the required harmonic means are 

120 _60 40 

23 V. It > 7 • 

9 

I 

, EXERCISE XXIX 

if 

1. The second term of an H. P. is J and the 5th term is 
Find the sixth term of the series. 


2. The third and the seventh terms of an harmonic series 
7 -7 

are -r-.- and-^-r. Find the first terra and the eighth term. 


3. Extend the series one term each way. 

4. Find the >?th term of the serie3 

*+ . 

• 

5 Find the nth term of the series 4-f 4|-f-4^4-5. 

6. Find the harmonic mean between 3 and—5. 

7. Insert four harmonic means between \ and " 

8. Find a; such that 2 +x, 3+ x and 5 -\-x may be in H. P. 

9. The harmonic mean betwepn two numbers is 3 and the 
arithmetic mean is 4. Find the numbers. 

10 Find two numbers whose geometric mean is 6 and whose 
harmonic mean is ‘<4. 

11. If the harmonic mean between two numbers is to their 
geometric mean as 20 to 29, prove that the numbers are 
in the ratio of 4 to 25. 

12. Insert between J and two numbers such that the first 
three may be in H. P, and the last three in G. P. 

13. If H be the harmonic mean between a and 6, show that 

I I 11 
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6.7- If A, G and H are respectively the Arithmetic, the 
Geometric and the Harmonic Means between any two positive 
numbers, to show that 

(») A, G and H are in G. P. and (ii) A>G>H. 

Let the two positive numbers be a and b. 

Then, A=-+ 6 , G =Vab and H 

u fl-p 0 

. „ a-\-b 2 ab , ™ 

AxH.=>— x — .=a6=G 2 . 

2 

/. A, G, H are in G. P. 

' Al™ A_fi= fl + 6 _./-r _a+*-2\/a‘6 


AIboA-G= -■ -Va6 




^Wa —yi )* 

2 

Which is positive. 

A>G. 

G H 

Also since—= - 7T> and A>G,.\G>H. 


6.7.1. Geometrical representation of A the arithmetic , G 
the geometric and H, the harmonic means between any two 

positive, numbers a and b» 

# 

From a line OX cut off OA and OB, a and b units 

respectively. Draw 
a semi-circle on 
AB as diameter 
and draw OT tan¬ 
gent to the circle 
and TM perp. to 4 
AB Let C be the 
centre of the circle. 


Then OA=a, OB=6. 

OC=£(OA+OB)= a y^=A. .(1) 

OT , =OAxOB=a6=G s . .(2) 
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Also, since triangles OCT and OMT are similar 

OM OT 


or 


or~oc’ 

... OT 2 ab 2 ah 
OC a+b a+b 


(3) 


Thus OC, OT and OM are respectively the Arithmetic, 
Geometric aod Harmonic means between the two numbers re¬ 
presented by OA and OB. 

• Also it is evident from the figure that 

OC>OT>OM. 

i.e, t A>G>H. 

6.8. Miscellaneous Examples. 

1 1 1 


Ex. 1. 


a 


2 * 


L_ * ar e in H. P., show that b+c, 

k Z j ry v 


6 2 


a+b are in H. P. 


Since 


1 1 


1 


a 


6*' 


.2 


are in H. P , therefore a 2 , 6*, are 


in A. P. 

Now 6-fc, c+a , a+b t are in H. P. 

1 1 1 . A p 

are in A. r. 


i e. 


if 


if 


6*^-6 c+a a+b 
1111 


or 
i.e, 9 


c+a b+c a+b c+a 
if r”=-rr ■ or if i a -a 2 =c z -6 2 


b+c o*4*6 

if a 1 , 6*, c 2 are in A. P., which is given. 

Ex. 2. The sum of the reciprocals of three numbers in 
H. P. is 16 and the product of the numbers is Find the 
numbers. 

Let the three numbers in H. P. be 

i l _ 

a—d* a * a+d 

{d — d)+d+{d+d) = l&t i.e., 3a=15 .. fl—5 , 

1 1 11. 1 1 

_ <• . . ■ "—-— 

“105 


• • 


also 


—v-X— x 

d—d d 


26-d*-2l or d 2 0=4 
Hence the numbers are J, 


a+cl "105*' e ' 6(26- d 2 ) 




d=± 2 . 
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Ex. 3. If a, b, Cj d be four numbers in H. P., then show 
that a+d>6+c. (P. U.) 

Here because a, 6, c, d are in H. P, 

.. — . v-» —, —are in A. P. 

abed 

* /» i 

?.e., it — =« 

a 

1 

then ~^=a+p, p being the common difference, 

1 1 • 

~=«+2/3 and ^ =«+3/?. 

• -, 1 2 «+3/? 2«+3|3 

.. flTO ^a+3p-a[a+Sp)~a2+'Sap' 

1 1 2a+30 2a-f-3/3 


~-f/3+ a +2/3i “‘‘ 


(a+p,{a+2P) ~~ a 2 -f3a/?+2|3 2 * 

The numerators being the same and the denominator of 
b+c being greater than that of a+d by 2/? 2 , a positive 
quantity, we have 

a+d>b+c. 

a n+l -f 6 4+1 

Ex. 4. Find n such that — — _|^ - >t — may be the H. M. 
between a and 6. 


Here 


if 


a n+l_j_Jn+l 


a n +b" 

a n+l_j_&n+l 


is H M. between a and b 

2 ab 
a-j-6 ’ 


a n +b H 

or if (a n+1 4-6 n+1 )(o+6)=2ai(a n d-6 n ) 
or if o n+2 — ab n+1 -\-b n+i — 6a n+1 =0, i,e. t if (a—6)(a w+1 

( CL \^ 

T / 


- 6«+ 1 )=0 


i.e., «=-rl. 

EXERCISE XXX 

1. The sum of the reciprocals of three numbers in H.P. is 12 
and the product of the numbers is Find the numbers. 

2. The sum of three numbers in H. P. is g§ and the first 
number is J. Find the numbers. 


4 
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3. Show that the three numbers cr, b, c are in A. I\, G. P., 

or H. P., according as 

a—b a a a , 

• — = or = , , or= respective^. 

b—c a o c 

4. If a, b and c be in A. P. and x, y, and 2 be in H. P., 

A show that a+c x+z 

by ~~ zx 

5. If a, by c are in H. P., show that 

?~j —.4 .—y y — 4 .-Ayare also in H. P. 

-• a ^6+c b ' c+o c ' a-\-b 

6. Find two numbers whose A. M. is greater by 13 than 
their G. M. and whose G. M. is greater by 12 than their H. M. 

7. If ?-±® be in H. P. then prove that a, b, c. are 

in G. P. 

8. If a, b t c are three positive quantities, and x , y, z the 
geometric means between a and b , b and c c and a respect- 

r- tively ; if a, a~\-y are in G. P. then show that x, y> —z 
are in H. P. 

9. Find the />th terra of an H. P. whose first term is a, 
whose last term is c, and whose number of terms is m • 

10. If ptb, qth and /-th terms of an H. P. be a. 6 and.c 
respectively, prove that 

(q — r)bC’\-{r—p)ca+(p—q)ab=0. 

11. If cr —p, b—p , c—p, be in G. P., show that 2[b -p) is 
the H. M. between b — a and b — c. 

12. If x'n x» be two arithmetic means, y lt y» the two 
harmonic means and z l% z 2 the two geometric means between 
any two numbers, show that 

• r i2/2 =3SX a2/i =z i 2 s* 

13. If p t q. r be in A. P., prove that 


qr 


ip 


pq 

„ —,~r * - , -- are in H. P. 

rp+pq pq+qr qr+rp 

14. If b-\-c, c-f-a, a*f 6 are in H P. then prove that a *, b' , c* 
are in A. P. (H. S. B 1949) 

IS* (i) If a 3 , b 2 , c 2 are in A. P. prove that 

1 1 1 

6+c ' c+o ’ o+5 are in A P ( p - u -> 



$2 
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(it) If a, b t c, be in H. P. prove that a(6-j-c), 6(c-fa). 
are in A. P. (3. S. B. 1951) 

16. If a, b, c be in A. P. and a 2 , 6 2 , c 2 be in H. P. prove 


that 


a 


. b y c are in G. P. or else a=b=c. 


17. If x, y , c be in A. P. ax y by , cz in G P, and a by c in K. 
H. P., prove that 


x 

. + 


z a c 
x-c + a 


18 I1‘ a. b c be in A. P., b, c, d , in G. P. and c, d. t. in 

H. P , prove that a, c, e, are in G. P. (Q. 1951) (3. S. B. 1947) 

19 If ay by c are in A. P., 6, c, a are in G. P. # show that 
■c, a, b are in H. P. 

a—x a—y a—z 


20. If 


px 


=-and p, < 7 , r be in A. P., show 

qy rz 


that, x, y t z are in H. P. 

21. If a, b t c be in H. P., show that 2a-b> 6 and 2c-b 

are in G P. Y 

22. If the pth term of an H. P. be q and the qth term be 

pq 

n, show that the (p-p^)th term is 


v + q 


23. (i) If a, b and c be in H. P., show that 

1 1 11 

_L---L.-» 

b—a ~6-c a c 

(it) If and a. b, c are in G. P., show that 

p, q. r are in H. P. (Q- 1950) 

24. If a, by c be in H. P. show that if a>c, 


1,1 4 

6 —c a—6 a —c 

25 Between two different numbers two H. M’s. are in¬ 
serted and one of them is equal to the geometric mean of the ^ 
numbers. Prove that one of the numbers is equal to four ' 

times the other. . 

26. If between any two numbers there be inserted two 

.arithmetic means A 1# A 2 , two geometric means G lf G a and 

two harmonic means H x , H 2 , show that 

GjGg_ A 

Hj-Ho 




CHAPTER VI1 

MISCELLANEOUS SERIES 


"We shall now consider some examples of Summation of 
Series, which are neither arithmetical, nor geometrical, nor 
harmonica!. In most of these senes the method is to find 
the general term, which indicates the law of formation ot the 
series. 

7.1. Arithmetic-Geometric Series. A series each term of 

Which is formed by multiplying the corresponding terms of an 
A. P. andaG. P. is called an AnthroeticoGcometnc senes, 

for example the series. 

«+( a+ d )r+ (a+ 2 djr 2 + (a + 3 ( /)r 3 +. {a+("-i)d}r"- 1 . 

each term of which is formed of the product of the each corres- 

k ponding terms of the two series* 

a+(a+d)+[a+2d)+ .+(«+n-H> 

and l+r+r 2 +.• 

Uiote.-lf in the Arithmeticb-Geometric series we put , 

We get A. P. and if we put d =0 we get a G. r. 

7.2. To find the sum of an Arithmetico-Geometnc Series 

up to n terms. 

Let S n be the sum of the senes — 

.+< 0 +«UH-(«+a*)»*+-. 

S n =o+(o+d)j-f (a+ 2 d)/-*+. a IL-^ 

,* s ._ .,.+<.+%■+. 

* • •• 8 ,( 1 -,)—4*-+**. 

_ , (jm?—- —(a-tn— 

i_ r 

dr( 1-r*' 1 ) • 

....— : n ^ 1 —- I* 


8 »=7z:,.+"('l-r) 2 ' 1 '' 


« .11 « sum of the above serie* 

Cor. If ,•< I numerically, tbe sum 

a dr f or r"—*0. 

^tinned to infinity is — r ) 2 ’ 
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Ex. I- Find the sum of the series 1 -|~4a:-{-7x 2 -J-.to n 

terms : hence write down the sum to infinity when x<l 
numerically. 

Let S*= 1+4*+7s 2 -f-... +(3/? -5)*“- , +(3/i-2)*»“ 1 

xS„ = * + 4x 2 +. + (3w - 5)x« - 1 + (3» - 2)x\ 

/. S*( 1 ■-*) = 1 + 3x+ 3x 2 +. + 3s«- 1 - (3» - 2)x" 

-(3”~ 2 K 

1 3 *0-s*- 1 ) (3;/-2)* n 

** b;; ~ L-x + ' (i-x) 2 1-s 

Since x < 1 and /*—+ <x> , x n “\ x n —*o 

/. Sum to infinity = y^_-~ + • 

Ex. 2- Sum up the series 

l+3x+5x 2 +7x 3 + ...to infinity, x<l numerically. 

Let S=1 + 3x+ox 2 +7 x 3 +. 

xS= . x+3x a 4-5x 8 +. 

**. S(l —x) = l+2x+2x 2 +2x 3 +. 

2x 

= 1+-T-• 

1 —X 

1 2x I-x+2 x 1 +x 
^“1 — x^”(l — x) 2 ~~* (l—x) 2 (1—a:) 2 * 

Ex. 3 Sum to infinity 

l 2 +2 2 x+3 2 x 2 +4 2 x 3 +.when x<l numerically. 

Though this is not an Arithraetico-Geometric series hut 
it can be summed by a somewhat similar method. 

Let S be the required sum, 

then S=l+4x+9x 2 +16x 3 +. 

/. xS= x+4x 2 +9x 3 +.- 

/. S(l —x)=l+3x+5x 2 +7x 3 +. 

Multiplying by x again, we have 

*(l-*)S== x+3x 2 +5x 3 +. . / 

* bv subtraction 

S'l —x) 2 =l +2x+2x 2 +2x 3 +. 

v 2x- 1+x 

= 1 + T“«-i—i* 

1+X 

S = (l -xf' 


* 
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Sam up to n terms the series 

1- 1+2k+3£ 2 +4x 3 +... 

2. l+3aH-5.r 2 +... 

3. -2 1+3.2-f 4.4 + 5 8 + 

Sum up to infinite the series 

4. i+i. + . 5 i 

2 ^ 6 + 18 ' . 


(H.S.B. 1947) 


5. 


3__5 7 

2 6 + 18 


*- 


(Q. 1951) 


6 . * 

5 5* 5 2 . 

7. Sum up the series, - 2 + J + 1 . , 

3^9' 27 + 81' terms and 

find the sum to infinity. 

8 um <Ki»r ntbata<i nnmwi «»y- 

o \ U) 1 + 2 *+ 6 - c2 +10z 3 +. 

9. 1 — x~j~2x 2 —3s® 4-4**—... 

10. 1 H 3 2 z 4- 5 2 x 2 -f V 2 ^ 3 +... 

11. Find the sum of infinite terms of the series 

1+ ^‘+*>+>+*+*«} + ~ 3 (l+x+**+z>)+ . 

12. Show that 2^x4 8 x8^ ff x 16 ^ z x .... m 55= c > 

13 Find the square root of : 

7 3 r 5 2 t x 8A ••• t0 “«nity. 

Let I=!+tvi + Um °l* 6 ^ " natUral numh er>- 

\ is J 1 U “ A P ‘ Wh ° 8e fir8t is 1 and common difference 

.•.s=-" [ 2 x i+(«- 1 )] _ «(/t+l).' 

^ 2 

Thu* the turn of the first n natural number* is n( ” + i ). 

Hole: -Using the sigma notation, this may be written as 

2 * 1 = . 

2 
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7.4. To find the sum of the squares of the first n natural 

numbers • 

Let S=l 2 -f 2 2 .+ 3 2 -f-.4-n 8 . 

We know that x 3 —(x— l) 3 =3x a —3x4- 1. 

In this identity replacing x by n, n—1, n -2, 3, 2. 1 sue 

•cessively, we get 

n 8 -(n-l) 3 “3»* -3n +1 

(n-l) 3 -^-2) 8 =3(n~l) 2 -3(n-l)+l 

(w -2) 3 -(«-3) 3 =3(;z-2) 8 -3(«-2)+l 


• • • ■ • • » 




* 4 • 


•••• 


33 —2 3 = 3.3 2 -3.3 +1 

28-1 3 — 3.2 a -3.2 +i 

13.-0 3 =3.1 2 -3.1 . 4-1 


adding up, we get 

n 8 «3[l*+2 8 +3 1 + 4-n 2 l- 3 £ l + 2 + 3 + -•+»]+" 


or /i 3 =3S—3 


n(n-M) , 
—«-b n 





3S=« S -»+3 


nfw4-l) , , lw n _i_. A fl(nTl) 

—2 -=/i(n4 l)(n—1)4-3— 2 — 

?S=2 w (n+l)(n-l)4-3n(n+l) 
c=n (n4*li(2n—24-3) 

=nn+l)(2 w 4-l) 

e w(w4-l)(2n-hl) 

o— A • 


Thus the sum of the squares of the first « natural 

. ni»4-l)(2n+l_)_ 

numbers is g 


ftj 0 i e - —Using the sigma notation, the above may be ex- 

, ’ vm2 n ( w 4*I)(2^H-1) 
pressed as 2 n =3 *-jj” * 

7.5. To find the sum of the cubes of the first n natural 

numbers . , . , 

Let S denote the required sum. 

Now x 4 —(x—l) 4 ==4t 3 —6x 2 -|-4x—1. 
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Replacing * in this identity by n, n —1, n—2.3, 2 and 

1 successively, we get 

n 4 (n-l) 4 =4„ 3 -tW +4„_1 

(n—l) 4 —(n—2) 4 =4 (m— l) 3 —6t„ —l) 8 +4(n— 1 j —1 
In—2)*—( n —2j 3 —6(«—2) a +4(n— 2)—1 


+4 3 
+4.2 
+4.1 


-1 

-1 

-1 


3 4 — 2 4 =4.3 3 — 6.3 2 

2*— l 4 =4.2 s — 6 2 2 

l 4 - 0 4 =4.I s -0.1 2 

Hence adding up, we get 

„ 4 =4(l s +2 3 + ..+ n 3 )-6(l 2 +2 2 +. +„ 2 ) 

+ 4(1+2+ ..+«)—n 

or n *=4S-6 w(n+l)(2w+l ) + 4> w<n+l) 

.•.4S=n 4 +n+nn+l)(2n+l)+2 n (n+l) 

=n(n+l)(n z -n+lj+n(n + l)(2 n +l)—2 n (n+l) 

=mn + l)(n a — n+l + 2n + l—2) 

=nln+ l)(n 2 +n) 

=n 2 (n+l) 2 


n 


• • 


S- (+„+.)) 


'N.ote This may be expressed as 2n**=- f 


Thus the turn of the cubes of the first n natural numbers is 

F^T • 

TAz5 shows that the sum of the cubes of the first n natural 
t numbers is a perfect square, namely , the square of the sum of 
the first n natural numbers. 


EXERCISE XXXII A 

Find the sura of the series : 

1. ir* + 3 , +6>+. to n terms. (K. U. 1951V 

2. .to n tt-rms. 

3. l 5 -J-3 a 4-6 a 4- .to n terms. 

d* ... ■ •.« to fi terras 

5. <2J)«+(22)*+.+(40)» 

6. (rH-l)*+(r+2) i *4- .-f n f it being given that rand 

n are positive integers. 
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7. Show that the sum of the cubes of any number of con¬ 
secutive mtegds (not m-cetsuiily beginning with unity) is divi¬ 
sible by the sum of the integers. 

7.6. To find the sum of n terms of a series whose nth 

term is an c -+ bn* + cn r d. 

Lei b denote the sum. 


• 

nth term=on 3 
( n —l)ih teim=am—l) 3 
(n-2jtn term—a(n — 2) 3 

4 ~^n 2 4-cn 

+6(n—l) 2 + cm—1) 
4-h^n—2; 2 +r(n — 2) 

4 -d 
4 -d 
+d 

• • 

3rd term=c.3 3 

4-M 2 

4-c.3 

+ d 

2nd term — a. 2 3 

+ 6.2 2 

4c 2 

+d 

1st termrra l 3 

+ 6.1 2 

4-c.l 

4 -d 

Summing up, we get 
S„-a0 3 +2 s +.+n 3 ! 


.+ n ! ) 

A % A « _ 



4-c(l + 2 +.+n)+dX n. 


-a ( nfw+D V |fr n'n+1 l(2n+1) + c(n+n« +dn- 
\ 2 ' 6 2 
J\[ote-—]f the Siiima notation be used, then the result can 
be written down at once as shown below : 

Let S„ denote the sum and T„ the n ih term. 

Then S n =2 1 n = 21an 3 -r^n 2 -T^n + c?) 

/ nlntliy+fr ww+uen + n. +c n!n±±) +dn , 

\ 2 / b * 


7,7. Miscellaneous Examples. 

/UEx/^ L Sinn to n terms the series 

3,5 + 4 7 + 0 . 94 -.. 

Here each term is the product of two factors. 

The factors 3.4, 5.are in A. P. having 3 as the first 

torni and I as the common difference atui therefore the nth 

factor is 3 + in-UM?- 2+n- Also the other factors 5, 7, 
o MO are in A 1’. having 5 as the fust term and 2 as the com- 
Ln ciiffe.cnee, and the „.h factor is 5+(„-l)2 or 2„+3. 

• n th term of the given series is (2-fn)(2n+3) 

or „thterm=2n ! '+"» + b <’> 

( n -!)thterm =2(»- l)‘+ ‘in— 1) + 6 


• * 
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i . J 


+« 

+6 


f 


2nd term = 2.2 a - 

1st term —2.1 2 -f7.I 

.. adding up, we gel 

Sum=2( 1*+ 2*4 -+ re *) + . ( l + 2+. +„)+6„,, 


= 2n'n+1) 2«-1-1) i "n'n+ i) , r 

(5 + 2 + C ” 


= _.~n/?;H|-1)(2n4-1)+21 n •n-L* I)-f 3f?n 


4nM^ 7 n 2 -|-o<‘rt 

0 


6 


J{ote- Using sterna notation, we have from (!) 

. Sum = 2v n 2.p7v ft _j_6vK 

Which is Die same as (2). 

EwW- Find the n th term and sum to n terms of the series 

V 3+5+9+15 + 23 +. 

Let S denote the sum of n terms and T„ the general or 
nth term. Then 

8=3+5+9+15 +. +T n . x +T n 

Also 8= 3+5+9 +.+T n _ 1 +T ll 

• • Subtracting, 0=3+2+4+6 +...,. .—T rt 

= 3 + (2 + 4 + 6 + 8 + ... ...ton—1 terms)—T„ 

.. T n =3+^- , ^4+( n ~-2)‘>)=3+(n—l)n 

1 n =3 —n ‘ +n 2 


or 


• » 


—(n—1) +(n —l) a 


• • 


T 2 =3-2 + 2 a 

T 1 =;i— i 12 

S=3n — (1+2+ + n) + (l 2 +2 2 +3 a + 

n'n+l) . »(»+l)f2» + l) 


+n a ) 


=3n-' 


+ 


?»*+lfi» n 3 +^n 

6 ‘ “ 


6 


3 


» The peculiarity in this series is that the series 

by the differences t 2 - t ,, T,-T t> T«-T, and so on 

tfjr . • r R,i ch senes can be summed l>v the above method. 

form ft G. I', a similar method g ves 
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^E x 3. Sum up the series 1 + 5+13+29-f-.t° k n terms. 

Let S denote the sum T n the nth term 

ThenS-l+5+13+29+.........+TM+T* 

Also S= 1+-5+13+ .+T n -i+T w 

,1+ fSr^l)_l-H(2--'-l) 

or T„=4.2"-'-3 
A T b ..i-4 2*-*-S 

T 2 =4.2>—3 
T 1 =4.2° —3 

tScfti+SW +2 -«-i-3» 

z —i 4 

_-2 n+a —3„—4, 

h£j 4. Sum up 5+55 + 555+.to n terms. 

Tfttre S=5+55f555+ . ...+T;_ 1 +T„ 

Also S= 6+ 55 . 

0=5+50+500+ .- T » 

T„=5+50+500+ ,...;.to n terms 

6(io*-n 5(i0 "—i) 

10-F ~~ 9 

or T.+W-l) 

T„-i =5 (10"-'—1) X 

T 2 =j"(10*-1)"’ 

T x =|(10-1) 

Sum=£ {10+10*+.+10*—n{ ^ 

5 ^ io(in«—n 

_ 9 } 10-1 w 

5 (10(10"—1) l 

-T|—5- _n V 

Note-— The nth term is 655.... .. 6 having n digit*— 

5+50 + 500+ .to n terms, a fact which can also be used to 

find T« in the above form. 
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Ex. 5? Find the sum of the series 

1 1 

3 ^ 7 "f f\l ~^11 15 *“ to n terms 5 an( l find 8um to infinity. 


Let S n be the sura and T„ the n th term, then 

T __*__ \ _ 

[3+(n —l,4)][7+( n —1)4], (4«—l)(4 n +3j 

= K^T-I “4n~+3 )* 

Giving to n ; values, 1, 2, 3.we get 


T - Hl-f] 

rtii-B-] 


= Jr I - 

1 4 L4n—5 


1 


T 0 


5 4 n -l 
I 


] 


4 M n 

Adding, we have 


_L_i 

4 Mn-l 4 n +3J 


8n = 


1 


1 


bl 


n 


413 4 n +3| 3(4 n +3) 


I 


12 + 


Note .—When n—► » , S— 


9^ 

n 



EXERCISE XXXII B 

1 . hind the sum to n terms of the series whose nth term 

m(i )n(M +2). (»»)3n a +2„. (iii) 4„»+6«»+2„. 

Find the sum of the series : 

2. 3X5+5x 7 +7X 9+ .to p terms. 

3. Find the nth term and the sum to n terms of the series 

1.2+2.3+3.4+. 

4 . Sum up to n terms the series 

L2»+2.3*+3.4 , +. 
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5. Sum up l + (l+2)-Hl+2-S-3)H-...+(l+2+3.+»). 

6. 1 ind the sum to n terms of 


(i) i+(i+-~)+( l + i+-r) + - 




^7. Sum up fo n terms the scries whose nth term is 2 n —1. 

8. Sum up 1+4 + 8+!3 + ...to n icrms. 

9. fc'um up l+3 + 6+i0+15 .. to n terms. 

10- Find the sum to n terms of the series 

1 + 5 + l *2 -■{- 22+.*' o +... 

11. V ind the nth twin and the sum of n terms of the series 

3+7+14-t 244-37+. (P. U. 1946) 

12 Sum up 3+5+11+29+—..to n terms, 

13. Sum up 1 + 11 + 1JI +.to n terms. 


14. Sum up to 7 ? ter jus the series 7-4-77 + 777 + 


(P. U. 1943) 


15 - Sam t<» ;; twins the series 

1 +3+7 +154-31 +. 

16. (1)3 + 6+11+20+37+.ton terms (Q. 1948) 

(*0 2 + 7+14 + 23...:* ton terms (K. U. 1919) 

17 1+4 + 13+49+121 +.to 71 terms. (Q. 1944) 

18- Find the sum to n terms of the series 

1.2.3+2,3.4+3 4.5+... (P. U. 1943] 

19 Find the nth term and sum to n terms of 

0) 1.2 3 + 2.3 5 + 3 +7 + 4.5 9 +. (C+ 1946) 

(») -6-4+0+8+24+ . (Q. 1945) 

20. Sum up to n terms l 2 +( l 2 +2 2 ) + (l 2 +2 2 +3*)+... 

21 Find the n term and the sum to n terms of the series 

1.3.6+2.4 8+3.5.10 +. 

22. Sum to n terms the series 2.3.1+3.4.2+4.5.3+. 

•, 1 . 111 . 1 1 1 , 

I.3 + 3.5 + 5.7~b.9 + . Z4 * 6.8^*8.11 + 11.14 + . 


(Q. 1946) 
(Q. 1945) 




25 ‘ 1+ l+2 + l+2+3 + X+2+a+4 + ‘" 

26- Find the nth term and sum to n terms of 

- ... 14 44 134 . 


2+4+— + 


3 + 9 + 27 
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7.8. Files of Shot: 


To find the number of shot in a complete pyramidal pile 
ofnOiyets the ba.-e being (?) an equiLtemi triunje (??) a 
square (Hi) a rectangle. 

(i) Triangular Pile. Since there is only one shot on the 
top of the pyramid and since the number oi shut in each oide 
of a particular layer will be one less than that a layer iinmo- 
diately below. it is clear that each side of the triangular base 
will contain n phot. 

Thus number in the bottom (^th layer) is 

=n-Hn-!)-Hn-2).+ 1 

_n f n+ 1) 

9 

Amt 


Total number in all the layers«S^- l ~jp—J.v n 2_j_£v n 

_ vJn~\~ 1 '(2n 4-1) n-n-f 1) 

12 * 4 ~ 

*=in(n+l)(n+2). 

(w) Square Pile* Here the number of shot in bottom 

layer —n a 

Total numberg=Sn y = — n4 ~ ! 

6 

(Hi) Rectangular Pile. Let r » he the number of shot in 
length of the lowest rectangle and n the number in breadth 
each successive layer will contain one less in breadth and one 

legs in length and there being n layers breadth being reduced 
to I, in the top most layer. n 

The number of shot in the bottom layer=; /m 

»» »» next ,, 9t == (r/i — l)(u—1) 


• • 


•> •» to P » » =(»«—n+l).l. 

Total nutnber=(m— w +l).l+( m _ n + ‘2) 2 

+(m —nd-3).3.to n terms. 

«=(w— n )(j -f 2-f 3(l a 4-2 a .-bn 8 ) 

“4n(»-fr*l}(3m—«+]). 
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EXERCISE XXXIII 

1. The number of shot in a complete square pile is to the 
number of shot in a complete triangular pile of 4 times the 
number of layers as I to 24. Find the number of shot in each 

P lie * (M. U.) * 

2. Find the number of shot in a complete square pile 
having 15 shot in each side of the base. 

3. hind the number of shot in a complete triangular pile, 
each side of the base containing 10 shot. 

4 . Find the number of shot in a complete square pile 
having 625 shot in its base. 

5. Find the number of shot in a complete rectangular 
pile, whose base is 12x8. 


Notes on Induction 

Induction is one of very useful methods employed in 
Algebra to prove a certain given result. The method will be 
best illustrated and explained by the following example : 

Show that the sum of the first n natural numbers is 

1 ) 

— 2 —* Positive integral values of n. 

Assume the formula to be true for some definite positive 
integral number m, i.e., assume that 

1+2+3+4...(1) 

Then adding (m-^1) to both the sides we get 
1 + 2 + 3 +. 


2 

i.e., l-f-2-f-3-f-4. 


(m+V( m +2) 


A# 

which is exactly of the same form as (1) except that m is ^ 
changed to (m+1). 

So that we find that if the result is true for some definite 
positive integral number m, then it is true for (m + i) also • 

.( 2 ) 

2 ( 24 - 1 ) 

But l-f2=3= — 2~^ 9 aDC * ^ us formula is true for 

ii-2. 


2 
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Hence, since the formula is true for n=2, therefore by (2) 
the formula is true for n = 3, and therefore by (2) the formula 
is true for n=4, and so on. Hence the formula is generally 
true for all positive integral values of n- 

Note- —There are three steps in the above method : 

(1) To show that if the result is true for some positive 
integral number m. then it is also true for the next integer 
m4 l. (?) To show that the result is true for some number n 
8 f-y»n=lor2 (3) Then to generalise the result for all posi¬ 
tive integral values of n> 

Note 2.—Observe that the method of Induction is appli¬ 
cable only when n is a positive integer. 

We shall use this method later on in proving the Binomial 
Theorem. 


Ex. Prove the following by the method of Induction : 

« .+(2;-l)=n a . 

(t») I*+2*+3*+.. .. i- n 2 =in(n + ])(2« +1) 

HU) l 8 +2*+3*+.-f„ 8 = > 

(»«) a+a r +ar , +.+ ar n-i = ^L^I^_ 

r —l 

(w) x n -—y n is divisible by x—y for all positive integral 
values of n . 



REVISION QUESTIONS II 

1. Sum to n terms the series 

(3a- 26) 4- (4a—66) 4 (5a - 86) +.... 

2. Find the nth term of the series 

-1 n+l 2*41 

n n + n + . 

3. Sum up to n terms the series 

(*) 0'740*7140 7240.734. 

? ('-!)+('-!)+('- 
(•**) (n—l)4(n— 2)4( n —3)4. 

,4- Th ? ® um J of L * terxns of an A.P., is 40, the common 
difference is 2 and the laBt term is 13 ; find n. 


n 


■)+ 
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5. If 2 n +l tc rma of the scries 

. ' - 

be taken prove that tlu sum of the alternate terms, namely, 

1 -f" *> -f- 0 -f- •••... 

will be to the sum of the remaining terms as n*fl is to 

6- There are four numbers in A.I 3 ., the sum of the two 
extreme numbers is 8 and the product of the two mean ones 
is 15. Find the numbers. 

7. Find four numbers in G. P. so that their sum may be 
If and the sum of 1 heir squares So. 

8. '1 he pth term of an A. P. is —, and the ath term 

is —. Show that the sum of pq terms is Vpq-\-\). 

9. If (q~r) 2 > (r—p) 2 . ( p~q 2 t are in A. P. t show that 

1 I . 1 

»-•, -t -are in A.P. 

q-r r-p p-q 

19. The interior angles of a rectilinear figure are in A. P., 
the le 1 st is 120° and the common difference is 5°. hind the 
number of sides. 

11. There are n arithmetic means betwe-'u 3 and 64 such 
that the 8th mean is to the (n —2)th mean as 3 is to 5 ; find n• 

12. Sum up to infinity the series 

W V3 + —4 f.(») 14*+**.+. 

9 *J •* 

• 9 — 


* 


n 
% 
• r 


(iH) ^ + r.2 + 0 3 + £4 + 2-P2-f-54-l + §+••• 

I 

13. Show that 2 4 4 s .8 li5 .16’*-.to oc = 2. 

14. The sum of two quantities is n times their geometric ^ 
menn. Compare the two quantities. 

15. In an infinite geometric series, each term is equal to 
three times the sum of all terms which follow it. and the sum 
of the first two terms is 15. Find the sum to infinity of series. 

(B. U.) 

16. If a. b, c and d are in G. P. t prove that 
(») (64*e)f6*f d) = {c4aVc4-r?). 

(**) a 2 —6 2 , 6 2 —c 2 and c 2 — d* are in G. P. 
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17. If « ho the sum, h the product and c the sum of the 
reciprocals of n terms in G. P.. prove that 

6 = (t> • 

18 Find the n th term of 

• I ft ' 

(t) 4-fd-y--F4 . ... 

1 7 1 ?»(> 

(i'O 2 T +i JJ +i,r+-+. 


19 It the y//lh term of a series in H. P. be n hwI ntb 

term be ,n, prove that the rth term is *- n - , 

r 

20. An A. P. and an H. P. have the same first term, the 
same last term and the same number of terms ; prove that the 
product ot the rth term from the be<rinnin»£ in one serf s and 
the rth term from the end in iho other is independent of r- 

21. II P, Q and R are the pth, q\h and rth trims of an 
A.P., prove that 

Y(q— r)-FQ(r — p) d-R(p —g)= 0 . 

22. Sum to 72 terms of the series 

* + K *-*- i)+ 3 ( *-»ii)+ 4 ( *- n -i)+. 

( p . u.> 

23. If hi be the arithmetic mean of yi consecutive integers, 
show that the sum of their cubes is 

«m[/«*-l (P.U. 11)27). 

2 L Futn up tho series : 

(i) 2-f-5+ 10-fn+20-f . ..tort terms. 

(u) I -f 3-1-7 + 15 +... to n terms. 

(mj l + 2*+3.< 2 +4.i 3 +.to 100 terms. 

25 (i) l~-tr+ 2 a : 2 - 3ar s 4-4a 1 — .. to infinity. 

(tii 1 +3x-f 4i 2 +5x 3 +.. to infinity. 

(tti) l*--2 2 +3 2 —4 2 +.. + (: n -l) 2 -(i? n )*. 

26 Evaluate: 1 + 4ar+9z 2 + lOa^-f 25a^-f .-.to infinity for 
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Sum up to n terms the series 

a-(a+rf) + (a+2d)-{a+3i)+. 

Sum up to n terms the series 

1 — 3_}_6 —10+1^ —21 +. 

Sum up the series I 3 -f-2 3 -f-3 3 -}-.+n 3 . 

Sum the series 

n.l 4-(n~* 1 )24*(n—2)3-Mn—3)44-.4- l*n* 

[Hint : rth term={n —(r— l)}r=(n-r l)r—r 2 .] 

31. If a be the first term and / the last term of an A. P., 
and if an arithmetic mean be inserted between every two 
successive terms of the series, prove that the sum of the origi¬ 
nal series exceeds the sum of the arithmetic means by i (<*+/)• 

32. Show that the sum of 

14-2 a 4-34-4 2 4-5 + 6 2 4-. 

tow terms is jy (n f l)(2n 2 4-n4-3), or -j^n(2n 2 4*9n-M), 

according as n Is odd or even. 

33. If S lt S 2 » S 3 .S„ are the sums of infinite geometric 

series whose first terms are I, 2, 3,. n and whose common 

Tatios are 

T* -y T-"nTi respectively - 
prove that Sid-S^+Sa-b.+S»=$n(n4-3). 

34. If represents the sum of p terms of a G. P., 
whose first term is a and common ratio r, find SjH-Sgd-Sad - 

»»•... 4- ^/) • ( 

35. If the sum of n terms of a series be a(r n —1), prove 
that the series is a G. l\ t and find the common ratio. 

36. Show that if one geometric mean a and two arith¬ 
metic means, b and c be inserted between two numbers x and 
y , then • 

a # =(26—c)(2c~6). 

37. If one arithmetic mean a and two geometric means, 
b and c, be inserted between any two numbers, then 

fc 3 4 c 8 = 2 a 6 c. 

38- Prove that the sum of the series a-f&4-.*W 

bj 

(i) when it is a G. P. is -. 
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27. 

28. 


29. 

30. 


/ 











MISCELLANEOUS SERIES 


109 


/••v . .. • a 2 a) 

{it) when it is an A. P. is- 


39. 

lows 


2(6—a) 

The series of natural numbers are written as 


1 


2 3 

4 5 6 
7 8 9 10 



Prove that the sum of the numbers 'in the 




nth row ia 


40. If S t , S 2 , S 8 denote the sums of n terms of three arith¬ 
metic series whose first terms are unity and whose common 
differences are d lt d 2i d 3t respectively, Bhow that 

Si—n S 2 —n S 3 —-n 

d 1 d 2 d 3 


41. If S lt S 2 , S 3 ..... S^ are the sums to n terms of p 

arithmetic series whose first terms are 1, 2, 3......and common 

differences are l, 3, 5 . ...show that 

Si 4-8 2 .+S /) =Jpn{pn4-l)- 

42. Find the values of n for which the expression 

a n+l 

—will be the A. M., G. M., and H. M. respectively 


a n +b n 

between a and b. 


(P. U.) 


43. Prove that; (*) the A. M. between two unequal 

quantities is greater than their G. M. (?i) the G. M. between 
the same quantities is also the G. M. of their A. M. and H. M. 
{iii) if a, 6, c are in A. P. and b , c t d in H. P. then will 
a : b—c : d. (P. U.) 

44. If the number of balls in an complete square pile ia 
3311, how many layers are there ? 

45. Find the number of shot in a unfinished triangular 
pile having 25 shot in each side of the bottom layer and 18 in 
each side of the top layer. 

46. Show that the Bum of the product of the first n- 
natural numbers taken two at a time is 

£(n J -l)(3n+2). 





CHAPTER VIII 

PERMUTATIONS AND COMBINATIONS 

PERMUTATIONS 


8.1. Problems similar to the following must have occurred 
to the student on many uccassions : 

1 here are four doors to a lecture room ; in how many ways 

can a student enter the room aDd leave it by a different 
door '{ 


Let us denote the doors by the numbers 1, 2. 3, 4. The 
various ways of entering and leaving the room are shown 
below : 


E 

• • 

L 


I 1 I 2 1 3 | 4 

I 2,374 | i,3,4, | 1,2 4, j 1,2,3 ‘ 


It is evident that there arc four ways of entering the room 
and that when this has been done by one of the doors, the 
room may be left by any one of the* remaining three doors, 
. i.e., then* are three wa\s of leaving the room corresponding to 
every one of the lour ways of entering it. Thus there are 
4X3=12 ways of entering and h aving room. 

8.2. The above problem leads to the following principle : — 

If one operation can be performed in m ways and if 
corresponding to each of these m ways of performing this 
operation , there are n ways of performing a second operation » 
then the number of ways of performing the two operations to¬ 
gether is mXn. 


Examples 


1 There are 8 buses running between Delhi and Mehrauli, 
in how many ways can a man go from Delhi to Mehrauli and 
return by a different bus. 

There are 8 ways of making the llrst journey and for 

each of these 8 ways, there are seven ways of returning to 

Delhi because he is to return bv different bus & not-bv tho 

• • 

same bus. Hence the number of wavs of making the two 

V “ 

journeys is hX7=56. 
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_ 6 sorts of note papers* 7 different 

pens and 4 differ- nfc ink-stands ; show that he can be«in to 
■write a letter in HIS ways. ^ 


3. A student has six shirts and ten ties. Plow many dif. 
ter cut comb-nations of shirt and tie can he wear. A?is. 60 

4. There are 5 ways from A to B and 3 from B to 0 : 

now many ways are there from A to C via B ? J± ns 25 


5. In a crossword puzzle there are two solutions to three 
plains and three solutions to one other place. How many 
dmerent solutions could be sent in ? 24 


8.21. We now take a few other similar problems. 

E"x* 1» How many numbers of two digits can be formed 
out of the four digits 1, 2, 3, 4 ? 


To form numbers of two digits, we have to fillup two 
plares, the ten’s and unit’s. 


There are 4 ways of filling the ten’s place ; for any one of 
the dibits I, 2, 3, 4, muy be put into it. Whf-n the ten’s place 
has been filled up in any one of these 4 ways, three digits are 
left and the unit’s place can be filled up in three ways" Thus 
theie are 3 ways of tiding the unit’s place corresponding to every 
one of the 4 wavs of filling the Wi\s place. Henc.*" the two 
places can be filled up in 4x3== 12 ways and we get 12 num¬ 
bers which are as follows : 


12 

21 

31 

41 

13 

23 

32 

42 

14 

24 

34 

43 


Ex. 2. Five subjects are taught to a class ; in how many 
ways can the time table of the first three periods be formed ? 

Any one of the five subjects may bo taken up in the first 
period, i e . then' arc five wa\s of filling the fust period. When 
this has been done, 4 subjects arc left and the second period 
can he filled up in 4 wi;\s, i.r.., for each of the five ways of 
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filling the first period, there are 4 ways of filling the second 
and thus there are 5x4=20 ways of filling the first two- 
periods. 

Now there are three subjects left and so there are three 
ways of filling the third period corresponding to every one of 
the 5 X 4—20 ways of filling the first two periods. Hence alto¬ 
gether there will be 20 X 3=60 ways of filling the three periods. 

Ex. 3. In how many ways can four hooks on different 
subjects be arranged on a shelf ? 

Any one of the 4 books may occupy the first place on the 
shelf ; 3 books are left and so there are 3 ways of filling the 
second place for each of the 4 ways of filling the first place. 


The first two places can, therefore, be filled up in 4x3= 
12 ways. When this has been done, two books are left and 
any one of them may be placed in the third place, i.e. there 
are two ways of filling the third place for every one of the 
12 ways of filling the first two places. 

The one book which is left will occupy the last place. 
Hence there are 12 X 2=24 ways of arranging 4 books on the 
shelf. 


8.3. In the above examples we have obtained all possible 

arrangements of a number of things taken some or all of 
them at a time. These arrangements are called Permutations. 


We now follow the same argument in dealing with the 
more general case of finding the number of permutations of n 
different things taken r of them at a time. For the sake of 
brevity this number is denoted by n P r . 

8.31. T o find the number of permutations of n things 
taken r of them at a time• 

Ca*e I : - When all the n things are different and none of 
them is to be repeated in any arrangement . 

The number of permutations of n things taken r at a time 
is the same as the number of ways of filling r places out of the 

t? given things. ir<or=n). 

So that n different things are at our disposal and we have 
to fill up r places with them. 


PERMUTATIONS AND COMBINATIONS jj 3 

The first place can be filled by any one of the « thin™ ■ 
there are „ ways of filling up the first place. h g ’ , ' e “ 

When the first place has been filled up in one of then ways 

i second ,? 8 We , nn<1 , any 0ne of them can be placed in the 
second place, so that there are n -l W avs nf fin™ 'Ju 

second place for each of the „ ways of filling the first place. 

When the first two places have been filled up in one of the 

boVaSdTttaSS? IT*' thi r k ' ft *" d 0ne 'em can 
a third place, so that there are n —2 \va \h nf 

o up the third place corresponding to everyone of the 

n(n —1) ways of filling up the firB { two 0n * ° f tho 

a«; r S.*p!;«r tore ’ " ( “- 1)h - 2 ' “*• °™»«< .pa. 

H,.,L r0eeed u iDK . in this we ootice that a new factor is intro 

Hence the number of ways in which r places can be filled 

Up ■=»(»— l)(n—2).up tor factors 

=n(n- l)(n—2).[jj-( r _lt] 

=»(»— l)(n—2).(n—r+1). 

Thu. the number of permutations of n different things 
taken r at a time is given by 

"P,=n(n-l)(n-2).(„-r+l). 

to?buf ,T™T.'«'■ 

H ^ > n = n(n I)(n—2) n factors 

=n(n-l)( n -2).3.2,1. 

=product of all natural numbers from 1 to n 

b, “” IJL »> » ! 

■P.-l n. 


• • 
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Cor. 2. ’‘P,=»(n-M(n-2).(n-r+D 

•1)... (n—?•).♦♦ 


n(n 


..3.2.1. 


*■— i*) •• «••••• .3.2.1. 


*Pr= , 


n 


n- r 


* 


(ii) n — n 


w 


Examples 

Ex. 1. Show that: 

(i) 23,22. 121.= 123. 

(iii) n(n—l)(n—2)...(w — *’“H 

j 14 

(iv) 7 P 3 =7x6+5. (r) 14 P 9 = -jj- 


-1 


n 


^Ex. 2^" Write down all the permutations of the letters 
a , b, c, rf, taken two at a time. ^ 

Here we are to find the .number of permutations of four 

different letters taken two at a time, therefore, thei n 

==«P f = 4 P 2 =4 X 3=12. 

These Permutations are : 


ab 

ba 

ca 

da 

ac be 

cb 

db 

ad 

bd 

cd 

dc 

Find the 

numbers 

of words 


the letters a. b } c, d taken two or more at a time. 

Here if 2 letters out of 4 are taken the number of woids 


=«P,-12, 


if 3 out of 4 are taken no. of words= 4 P 8 — 24 ; 
if all the four are taken no. of words= 4 P 4 =^4 ; 

• Total no. ol words foim*d= 12+24+24=60. 

Ex. 4. Find no. of voids that can be formed of the letters 
a,b. c, d, 
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Here the no. of one letter \vord 9 = 4 P J =4 

*. .. two „ „ = 4 P 3 = I2 

>■ .. three „ = 4 P„ = 24 

’> .. *'°ur ,, „ = 4 pi = 24 

Total = 24+24 +12+4=64. 

t 5 \ Iu ho ' r , man y ways can the letters of the wonl 
UUAL bearraDged ? Horv many of these arrangements, will 
bemn with S ? How many will not begin with S 1 How many 
will begin with S and end with L ? 

.. the required number of wavs 

=| 6 —720. 

„„„ v 0W if 3 re ? ains fixed we are left »ith live letters which 
can he arranged among themselves in 5. i e . 120 wavy. 

V 

The number of words which do not begin with tS= the total 
number - the words which begin with S 

=720—120—600. 

Again if the places of S and L remain fixed then the re: 
naaining letteis to he permutated are four. 

Here total number of letters in the word SOCIAL is six. 

.. the required number of ways =1 4 —24 

» ,In the above example, fixed the number of words 

which can be formed if O and C may always come together. 

Here O and C are to come together which means that these 
two can be counted as one letter, so that the five letters SfOC) 
i. A and L can be arranged in .5 ways. Moreover O and U 

**™ arran gcd between themselves in two ways, W’. GO 
and CO. J ’ 

the total number of words that can be formed are 

2|5=2x5x4x3x2xl 

=240. 

Ex. 7. How many numbers of six digits can be formed 
from the digits 4. 5, 6, 7, 8. 9. no digit being repeated ? How 
many of them are not divisible by 5 ? 

The number of numbers which can be formed with the 


6 digits 


= #3 P 
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out of these 6 numbers those which have 5 in’*the units 
places are divisible by 5 and their number— 5 ; obtained by 
arranging the remaining 5 figures among themselves. 


The numbers not divisible bv 5 are 

HiLHIL 5 * 6 IfLHIL 8 * 5 IL.^ 600 - 

Ex 8. Find all the five digited numbers formed from the 
digits 0, 1,2, 3, 4. 

Here with 5 digits at our disposal we have to form numbers 
having 5 digits. 


• « 


number of such numbers= 



But when 0 occurs on the extreme left the number is 
reduced to 4 digited number. The number of such numbers=|4^ 


All the five digited numbers are | 5 — | 4_ =96 in num¬ 
ber. 

Ex. 9. Find out the number of all possible numbers 
formed of the digits 4, 5, 6, 7, 8, 9. 


1 



Here number of 
(ft one digited numbers 

(it) two digited ,, 

{iii) three », »» 

(*V) four », ♦» 

( v) five » *» 

(in) six tt . »9 

Total=1956. 


= g P 2 =30 
= g P 3 = 120 
= g P 4 =360 
= 6 P 6 = 720 
— 6 P d = 720 


Ex. 10. Find the number of signals which can be given 
with six flags of different colours • 

When one flag is used, the No. of Sig. = 6 Pi=6. 

When two flags are used, the No. of Sig = 0 P 2 =6x 5=3U. 

four ” ” I! ” =5=6X5X4X3=120" 

fZ :: :: :: - 

all 


M 


1 I 


1“ 




19 


’5 


= 6 P !fi 


= 720. 


Hence the required number of signals 

^ a P + 6 Pn + Gp 3 + op 4+ Bp 5 + «p 8 

= 6+30+;20+3(50+720 + 7i0=19o6. 
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Ex. 11. How many of the numbers formed in Ex. 9 above 
are divisible by 2 ? 

Those numbers in Ex. 9 above are divisible by 2 which will 
have 4, or 6, or 8 in the units place. 

**• number of one digited numbers divisible by 2=3 


99 

>1 

two „ 

99 

fl 

2= 5 P 1 X3=15. 

♦ 1 


three 

9* 

9 * 

2 = 5 P« x 3=60. 


ft 

four 

99 

99 

2= 5 P 3 x 3—180. 

M 

%» 

five „ 

)• 

M 

2= 5 P 4 x 3=360. 

99 

»f 

six 

99 

99 

2==P, x 3=3(10. 


Now add all. 

EXERCISE XXXIV A 

1. Find the value of n where 

(i) "Pa=42 (it, »P a =20« (Hi) "P 8 = ll. n p 7 (fr) »p 4=88x „-, Pj 

2. «howthat (i) J 2 ”=1.3.5. (2n-I)x2«. 

(it) "Pr=ra.’'-'P r _7(i*») ”Pf=(/i—r+l)’’P r -j. 

3. Prove that ”p f = ,, -ip f -|_ r# »-ip r ^ 

4 . Write down all the arrangements of the letters a, b , c 
and a taken three of them at a time. 

5. Find the number of arrangements that can be made 
trotn the letters of the word DELHI. 

(£) taking all together, (it) taking three at a time. 

(m) beginning with D and ending in I. 

( tv j/ the letter L always occupying the middle position. 

6^/Write down all numbers of 4 digits formed with t l,e 
digits o, 7, 2 and 9. 

How many are they in all % 

How many of them are more than 9000 ? 

How many of them are even numbers ? 

How many of them are divisible by 5 ? 
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7. How many numbers can be formed taking three (?) out 
of the five* digits 3, 4, 6, S, ( J (ii) taking all of them 1 

8 How many numbers of 4 digits are possible out of the 
nine digits 1, 2, 3, 4, 5, 0, 7, 8, 9 ? 

9 How many numbers are formed by using all the digits 
2. 4, f\ 7, 9 no digit being repeated ? 

(?) How many of these numbers are multiples of 5 ( 

(ii) How many of these are even? 

(Hi) How r many of these are greater than 90 000 ? 

(iv) How many of these are less than 50,000 ? 

10. The figures 3, 4, 5, 6, 7, 8, 9 are written down in 
every possible order ; find how many of these numbers thus 
formed lie between 5,000 ; 000 and 8,700,000. 

11 . How many three digited — numbers of the digits 0,2, 
5, 9 can be formed. Also find the number of those which are 
not divisible by 5. 

12. Three persons go into a railway carriage, where there 
are six vacant seats. In how many different ways may they 
seat themselves ? 

13. In how many ways can the letters of the word SPEC¬ 
TRUM be arranged ? What will be the number of ways 
if the first letter must be T ? 

14. How many signals can be made with 5 different flags 
when any number of them may be hoisted at a time . 

15. In how many ways can tbe letters of the word PAXr 
MENT be arranged so that the letters Y and M may be always 

together. ' , 

16‘ Seven candidates are to take examination, 2 in Mathe¬ 
matics and remaining in different subjects. In how many 
ways can they be seated in a row so that the two examinees 
in Mathematics may not sit together. 

8.32. Case II. To find the number of permutations of n 
different things taken r at a time when each thing may be 
repeated any number of times in any arrangement • 

Here we have to fill up r places out of n different things 
xvhen each thing can be used as often as we please, in any 

arrangement. 
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Since any one of the n things can he placed in the first 
place, therefore there are » ways of filling the first place. 
When this has been done, there are again n wa^ s of filling the 
second place, corresponding to each of the n ways of filling the 
first ; for, the thing which occupies the first place can he repeat¬ 
ed and placed in the second place also. Thus there are alto¬ 
gether nXn, i en 2 ways of filling the first two places. 

The third place can also be filled in n ways and each 
way of filling the third place may be associated with each of 
the n 2 ways of filling the first two places Therefore the first 
three places can be filled in n 2 xn i c , n z ways. 

Proceeding in this way .we find that the i idex of n is the 
same as the number of places filled up. 

Thus the number of ways of filling r places is (n) r . 
the required number of permutations={n) r . 

Ex-1. • Write down all the permutations of the letters a, b , 
* c taken two at a time, when letters may be repeated. 

Here 7 /= 3 r=2 therefore the required permutations are 
3 2 =9 in number. These permutations aro : — 

aa ba ca 

ab bb cb 

ac be cc. 

Ex. 2. A number-lock consists of 3 rings each marked 
with 6 different digits. How many times a thief will remain 
unsuccessful in opening it. 

Here each of the three rings can bo. pet in position in 6 
ways and so the number of numbors which can be formed 
will be ( 6) 3 i e. 216. But one of these is a code number for 
opening the lock. Therefore unsuccessful attempts will be 215. 

Ex 3. In how inany wavs can 5 prizes be given away to 
^ 4 boys, when (i) each boy is eligible for all the prizes ; (ii) 
when a boy is not eligible for all the prizes. 

There arc 4 ways of giving away the first prize as it can 
be given to any one of the 4 boys ; there are again 4 ways 
of disposing of the second prize and so on the required number 
—4 5 . 

(is) Subtract 4 from 4 5 , 4 being the number in which a 
boy may have all the prizes, any one of them being given all 
the prizes. 
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EXERCISE XXXIV B 

1. How many numbers of four digits can be formed, 
using all the digits 3 4, «> and (5 ? 

(i) When no digit is to be repeated, 

(H) Winn digits may be repeated. 

2. A letter.lock consists of 4 rings each marked with 5 
different letters. Find the number of ways a code word be 
fixed to open it. 

3. In how many ways may prizes be given to n boys; 

(t) so that each boy may have a prize. 

(it) when there is no restriction to the number of prizes 
bov receives. 

(tit) when no boy should receive ali the prizes. 

4. Find the number of ways in which 6 different things 
can be divided among 4 boys when a boy may receive all the 
6 things 

5 . In how many way6 can 5 different hats be divided 
between 2 men. 

6 How many numbers less than 1000 can be formed 
with digits 1, 2, 3, 4, 5, when digits may be repeated. 

7. How many numbers less than 1000 can be formed 
with digits 0, 2, 3, 4, 5, when digits may be repeated. 

(Here three digited numbers will be 5 s including numbers 
when 0 occurs towards the left, i.e. t including numbers of two 
digits also. 

Now (0, 0, 0) is no number. So that we reject the number 
in which all the digits are zeros. 

required number of numbers=5 3 —1 = 124.] 

8.33. Case III. To find the number of permutations of n 
things taken all together , when p of the things are alike and 
of one kind , q of them alike and of the other kind % and the 
rest all different • 

(Ihe case when permutations are made by taking some and 
not all the given things will be discussed later vide Art 8.82.) 

Let the n things be denoted by n letters ; p of them being 
alike, each denoted by a, q of them being 8like, each denoted 
by b and the rest being ali unlike, say, c, d, ete. 
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Let x be the required number of permutations. In any 
one of these x permutations let us replace the p like letters o 
by unlike letters (say.^i e f c -) different from any of the 
rest and let us arrange these p new letters among themselves 
* without altering the positions of any of the remaining letters. 
We thus form j p new permutations, and if the changes were 

made in each of the x permutations the total number of per¬ 
mutations formed will be xX 

- In like manner, if the q letters b were also replaced by q 
unlike letters, the total number of permutations would be 

rcX 

But the letters are now all different and n in number and 
therefore, they admit of |n permutations. 

xx\p X [<7 —\n 

In 

x—.—• 

\P_X\q__ 

Any case in whioh things are not all different may be 
treated similarly. 

Ex. 1. How many arrangements cun be formed out of 
the letters of the word bazaar ? 

Let the required number be x. 

Take one such arrangement and replace the three like 
letters by three unlike letters a,. a 2 , a s . Arrange these three, 
unlike letters among themselves without changing the positions 
of the other letters. This will give 1 3 arrangements 

x arrangement treated similarly will give x 1 ^ arrange¬ 
ments. 

But now all the Bix letters being different the total number 
of arrangements xnuBt be | 6 . 



Hence 

or 


•\ xX 1 3 = I i.e; x 


120 , 
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a Ah rr the ,, mimber of permutations of the letter® 

w, a t o 3 c t c, a taken all at a time. 

Two o’s and c’s being alike the required number 

I 6 

T2 |J -180 - 

Ho " , m ? D - v si g Qals can be given by using all the 

ten flags, two of which are red, three blue and five yellow ? 

The number of signals^ J A? j 0x 9 x 4x 7 

I - I o | 5 

=2520. 


EXERCISE XXXIV C 

1. How many arrangements can be formed out of the 
letters of the words : 

(0 ALLAHABAD. (if) CALCUTTA. * 

(iii) CONFERENCE. (it) EXAMINATION (Q. 1944) 

2. Find the number of permutations of the letters of 

the word series. How many of these begin and end with * 

and in bow many are the vowels and the consonants placed 
alternately ? 

3. How many different numbers of seven digits can be 
formed by using the digits I, 2, 3, 3, 4, 4, 4 ? How many 
with the digits 1 , 0 , 3, 3, 4 , 4 , 4 ? 

4 . How many numbers greater than 40,000 can be formed 
l>y using the digits 2 , 4 , 5 . 5 , 7 ? 

5 How many different arrangements of the letters of 
the expression a 2 b 3 c 2 d can be made when it is written out at 
full length ? 4 

COMBINATIONS 

8 . 4 . Suppose there are three books and we have to 
select two oi them for reading on a particular day. If the 
books are denoted by the letters a, 6 , c the different groups 
are ab, ca , be. 

Now the two books in the first group give fise to two- 
arrangements ab and ba according as the book a is read 
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first or b is read first. Similar is the case with the other 


two groups. 

Hence from three books we get three groups of two each, 
viz., ab, ca, be, and the following six arrangements ; ab, ba ; ea , 
ac, bey cb. 

Again, if there are four books a,b,c>d and we have to 
select three out of them at a time, all the possible groups are 

abc , abd , acd, bed. 

Each group contains three books and it gives rise to 
! 3 or 6 different rrrangements. All the 24 arrangements are 

as follows : — 


abc abd acd 

acb adb adc 

bac bad C( *d 

bca bda eda 

cab dab dac 

eba dba d ca 

Similarly if from 4 candidates, three are to be selected 
to form a committee, there will be 4 possible groups. 

If they are further required to occupy three different 
offices, each group will give rise to six arrangements according 
to the different posts to be occupied by the candidates and 
there will be altogether 6x4—24 arrangements as shown 
above. 


bed 

bde 

cbd 

cdb 

dbc 

deb. 




• , v 


8 . 41 . The above examples show the difference between 
groups and arrangements. 


In forming permutations or arrangements we have to 
♦ consider the order in which the things are placed, where as 
in forming groups or combinations we pay attention only to 
tho things which are contained in each selection and we have 
nothing to do with the order in which they are placed. 

Def. Each selection or group which can be formed by 
taking same or all of a number of things is called a Combi¬ 
nation. 

g._If a group contains r things and if these r things 
are arranged amoDg themselves, they give rise to I r perrau* 
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tations. Hence a: such groups of combinations will give ns. 
£X | ^permutations. 

. Tl>« number of combinations of „ things taken r at a time 
is briefly denoted by n C r . 

♦ 

8-5- J' 0 find the number of combinations of n dissimilar 
things taken r at a time. 

Let the required number be x. 

Take one of these combinations ; it contains r things which 
can be arranged among themselves in | r ways. 

One combination gives rise to J y permutations. 

.. x combinations will give rise to xX \ r permutations, 
zx | r = »P r . 
x or "C,=*P f -i- | A 

Hence 2).(n-,+ 1) 

\ T I r 


Cor. 1. 


Cor. 2. 


#i Q l)(/i—2) .(/i—r-pl) | r 

l_ r I 7i — r 

L?_ 

- I r In—r 

Putting r=n in the last result, we get 



But n C n , i.e. the number of combinations of n things taken A 
all at a time is evidently 1. 

, 1 

1= T(T t 1 Q—L 

% 

Thus [ 0 (i.e., factorial zero) stands for unity. 

*8. 5. To find the value of n Cr without using the formula 
for "Cr- (P. U. WO) 
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Let the n things be denoted by the letters a, b t c, ,/, etc, 

and let the number of combinations of n things taken /at a" 
time be *C r . 

There are *C r combinations and each combination contains- 
r letters. So that if all the combinations be written down, 
i the total number of letters so written is 

T X ”C f .( 1 ) 

Now all those combinations which contain a particular 
letter, say a, contain also r -1 letters selected from the remain- 
An g 7|—1 letters, which can be done in n_ 1 C r _ 1 ways. 

Thus of all the combinations of n letters taken ,* at a time 
those that contain a paticular letter a are , '" 1 C r _ 1 in number 
Therefore a is written n " 1 C r _ 1 times. 

Similarly the letter b is also written «“ 1 C r . l times and so 
on for each of the n letters. 

Hence total number of letters in ail these combinations- 
is also=ft X n- 1 C r _ 1 , ( 2 ) 

Hence from ( 1 ) and (2), we have rx w C r =/2 x w “ 1 0 r _ I , 

or n C r =-- n - l Q r ^ l . 
r 

Changing ri into n — 1 and >• into r— 1 , we have 

- n JZ L X n-2 C 

1 r -1 * Lf -2 

(Similarly "-*’C,- s = -^=| X ' , - s C r - a 

ft * ft o o n 

# 

n-m Ci = -*=r±* x * -,+ 1 C 1 . 

* f Multiplying together the vertical columns add cancelling like 
lactors from each side and putting n - r *lC 1 *=n—r+ 1 , we have 

"C r = /?(/? —l) (n —2).(7i-r4-2)(n— r-f 1) 

r(r— l)(r—2). 2 . 1 

_ 1 Mfl 2 ). (w—r+ 1 ) I 71 

_ = :-• 


I r \ n — r 
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Ex. 1. Find n when 8 . »C 4 =* W C 3 . 

1T 0 n(n— l)s 77 —2)(n — 3) 2n(2n— l)(2n —2) 

Here8 - - 4.3:2.! -3.2.1.— 

or $n(n— I)( 7 i—2)(?? — 3) = 8n(2j;—1) X 2(n— I) 

• since ?? cannot be equal to 0 or 1 (whv ?), we have 

(n-2)(n-3) = 2(2n-l) 
or n 2 — 9n-r8=^0 

/? =8 or 1 . 

Hence n = 8 . (as n cannot be 1 ) 


Ex- 2 In how many ways can 3 representatives to the 
sports committee be chosen out of 22 students ? 

Clearly the required number of ways 



22x21x20 

“3x2 


=1540. 


Ex. 3 - In how many ways can an eleven be chosen out 
•of 13 players ? 

(t) From how many of them will a particular player be 
excluded ? 1 

(H) In how many of them will he be included ? 

(Hi) From (i) and (ii) show that 12 C l3 + 12 C 10 ~ 13 C 11 . 

Here out of 13 players we are to select eleven at a time. 


the numbers of ways= 13 C 11 = 


= I3X J 2 =78. 

| 11 | 2 2 


(j) One player out of 13 is always excluded, *.<?.> selection 
of 11 is made out of 12 . 

[_12 

the required number of .ways= 12 C 1 i =-12. 


I 11 1 I 


(ii) Here one is already selected, therefore we are to select 
10 more out of ihe remaining 12 . , 

1 12 

the required number= 12 C 10 =-r-T — 00 . 


| 10 I 2 


(0 12 C 11 + 12 C l 0 - 124 - 66 = 78 = 13 C 11 . [by (1)] 

v Ex. 4. On how many Sundays can a party of six students 
be taken to_the.fiu.tab Minar from a class of 20, so that no two 
parties are identical ? 
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In how many of these parties will a particular student be 
included ? (D XJ.) 

Here we have to select 6 out of 20, therefore the total 
number of parties 



20x19x18x17x16x15 

t> X 6X4X3X2 


= 19x 17x8x15=38760. 

All the students of any one of these parties are not the 

same as that of another, although some of them may be the 
Bame. 


To find the number of such parties in which one particular 
student is included, we select 6 out of 19 aud thus we have the 
required numbers 19 C. 

O 


\ 


19 x18x17x 16x15 

5 X 4 X 3 X 2 


= 19x18x17x12 


= 11628. 


EXERCISE XXXV 


1 Evaluate : 

"Cj, ll C p , n C a , ®»c„. 

2. Find the n when ; 

(i) and "‘C„=66. 

(ii) »P 3 : »C 5 = 1 : 6 . 

3. Show that : 

12 C 4 =*p 4 X 12 P V ,(») "C r = T S«P 


4 

5 


ii) 


f* 


If m- h C a , show that *»C a =3x wt+1 C 4 . 

Find n and r from the following : 

»C r _, : «C, : n C r+1 =2 : 3 : 4. 

6 . There are 16 point b in a plane (no three of them being 
in the same straight line). Find the number of straight lines 
which can be formed by joining them. 

7. Find the number of triangles formed by joining the 
angular points of a polygon of (i) 15 sides, (») n sides. 
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8 . Find the number of diagonals formed by joining the 
angular points of (f) an octagon, (*'i) a dodecagon, (m) a 
polygon of n sides. 

9 There are 8 stations along a stretch of railway. Stating 
your aigument clearly show that 56 different single third class- 
tickets must be printed for this line. 

10. How many different kinds of single second class tickets 
must be prepared for a new railway line with 30 stations ? 

11. The number of combinations of n things taken r at a 
time is n C r . In how many of these will two things occur ? 

12 . Four persons are chosen out of ten, in how many ways 
this can be done and how often would any person be chosen. 

(H. S. B. 1950) 

13. Five persons are chosen out of ten : in how many 
ways can this be done and how often would any two persons 
be chosen ? 


14. A father with eight children takes three of them at a 
time to the Zoological gardens as often as he can without taking 
the same three children together more than once. How often 
will he go, and how often will each child go. 

[See worked Ex. 4 P. 126] 

15. If m be the number of combinations of n things taken 
2 at a time, prove that the number of combinations of m things 
taken 2 together is equal to 3 times the number of combinations 
of (n-H) things taken 4 together (See Q. 4 above) 

16. Given 7 straight lines of lengths 1, 2, 3, 4, 5. 6 and 7 

inches respectively, find the number of ways in which four can 
be chosen to form a quadrilateral. (P. U. 1924) 



[Sol Total number of possibilities= 7 C 4 = 35. 

But (1,2, 3, 6 .) (1,2,3, 7) (1, 2, 4. 7) are the groups of ^ 
straight lines in which the condition that sum of the three sides 
of a quadrilateral is greater than the fourth is not satisfied. 

Required number of ways are=?5—§=32.] 

17. A basket contains 10 maDgoes (of different varieties), 
find how many different selections you can make of 3 mangoes 
so as always to include a particular mango. 
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18. A college council consists of the principal the vice¬ 

principal, the bursar and twelve other members. How many 
different sub-committees of six members can be formed in¬ 
cluding always the principal and either the vice-principal or 
the bursar I (P.U.) 

19. At lawn tennis six is to play against six. Find how 
many matches are necessary — 

(i) If every player of one six is to play against every 
player of the other (singles) ; 


(«) if every possible pair of players of one six is to play 
against every possible pair of the other six (doubles). 

8.6. To provfybjiat the number of combinations of n things 
taken r at a time i*4h# same as the number of combinations 
of n things taken n—r at a time , t.e-, n Cr="C»-f 


Every time we select a group of r things, we leave behind 
another group of n—r things. Thus for every combination of 
n -r things there corresponds a combination of r things. 

It can* also be proved as follows : 



„ 1 n 

"C,= -— 

1 r 1 n- 

•• -«* — 

• 

-r 

and 

«C -T 

l _n 

'-'n— 4 

1 n-r 

1 n—{n ~r)~ 

Hence 

”Cn-,="Cr 


Cor. 

Putting r—n, we get 

"C 0 =»C„=1. 


n 


| n—r I r 


_ I m 

Thus , though meininglois in itself stands for unity- 

•tti-o... - - “* 2 ‘ 






2 


309. 


E*. 2. If 7 C r -= 7 C, fl find r. 

7 C,= 7 C 7 _ f and 7 C r s= 7 C ffl (given) 

7 C 7 -r» 7 C r +i. 

^3. 
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EXERCISE XXXVI-A 


1 . Find the values • IOO C lv8 , 78 C 77 , 78 C 0 . 

2. Find the number of combinations of.. 100 things taken 


97 at a time. 



3. 

II 

*- 

o 

^13* 

find *C 17 . 

4. 

if*c 25 = 

"C 6 , find «C 2y and 33 C n , 

S. 

II 

•H 

o 

c 

"C,„ 

find the values of n 0 2i 

6 . 

If *”Cf— 

2 "C, +S 

find r. 

7. 

V 

100 ,-6= 

”Cr +9 

and = -X—, find 

r l 

8 . 

If" +1 C,. 2 

X 

05 

II 

n C H I —90x n_I C r , find 


9. The number of combinations of 2n-fl things taken 
2n— 1 together is 105 : find the number of permutations of n 
things taken all together. 

Ml. To prove that Cr. 

Teetotal number of combinations of ft + l things taken r 
at a time ».e. n+ 1 0 r can be divided into two groups : — 

I 

(t) Those combinations which contain a particular 
thing, vhich can be obtained bv sthcting thirusout 

of the remaining n things. Such combinations are *C f _i 
number. 

(ii) Those which do not contain a particular thing, 
which can be obtained by selecting ,r things out ©f re¬ 
maining n things. The number of such combinations is n C r . 

Hence "CV-x ■+"0,.= n 41 C r .- - 

It may also be proved as follows : - 

• • : In. 


I 


"C r i= 


n 


v-r 


-I 


n-r 


and "C r _ 1 = 


n 


In 


I r -i I n~H I 


.?* 


^ „ L w n 

, —Tl i,—r Lr 


1 

- + 


I r -1 fn—r+ 1 ) 1 n—r 

# 

• • 

1 


n — r +1 


] 
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| r-r I 


I n n -j-1 

. ... :• ____ 

n — r r(n— H-l) 


1 w + 1 

-—~ -_ = »!+lP 

.r lw-r+1 1 r> 


Ex. 1. Show that 12 C^ 4 - i 2 C 6 — 13 C 5 . 

State and prove the general theorem of which this is a 
• particular case. 

Ex. 2. From a class of 20 students select II such that 
(») a particular student should always be included, (ii) that he 
should never be included. 

. Hence prove that 19 C 10 -f- la C £ 1 = 20 C 11 , 

Ex. 3 Show that 

(») 2 " +4 C„ +a + 2 '‘+<C,, +3 = *«+50,, + .,. 

(»») ” +! Cf+i="C r+I 4 M C r _j+2x "C f .. 

*■ 8.7. Find the number of ways in which p+q things can 

be divided into two groups containing p and q things. 

■ Every time we select a group of p things, we leave be* 
hind a group of q things. 


the required number= p+?C p = 


_I 

\ p | q 





8.71. If m+tt+p things have to be devided into three 
groups of m things, n things and p things respectively, we first 
divide them into two groups containing m j~n and p things. 

( 0 » 'he number of ways in which this can bo done 

I 7»-htt-hp 

• l m + ?i I p 


Again tbe number of ways of dividing m^n things into 

I ni+n 

| .i/4 I n 


groups containing m and « things i 


the number of ways of dividing m+//+P things iota 
three groups of m t n and p things. 

__ I Hi+ti+p I m+n \ to + n+p 

I Ijti \ji I m 1 n \ p ' 

and bo on for a large number ol groups. , 
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i3p 


*8.72. When m=n=P, the result just obtained becomes j ‘ 


which gives the number of ways in which Sp things can be 
divided equally into three distinct groups A, B and C. 


If, however, no distinction is made between the groups, 
the number of ways of different sub-divisions 

_ I 3p # 

~ I 3 ( \ pj* 

For example the number of ways of dealing out equally 

I r>! ,1 

a pack of 51 cards to 3 players is—ff^ „but when no regard 


;i 


' i 17 ) 


is to be paid to the order of arrangements of the groups and 
the cards are to be placed in 3 heaps of 17 cards each (insiea 
of distributing them among three persons), the number o 

distribution is , 3 | f n js • for [t x be this number » each ° f 

these x sets of heaps of three gives rise to 3 ways of assigning 
one set of heaps to three persons and therefore 


I 51 

* 13= — TiV- 


|5i 


(HI ) 3 ’ 


t*e.» — 


I 3 <|17)» 


EXERCISE XXXVI.B 


1. In how many ways can a class of 100 students be 
iivided into two sections A and B consisting of 60 and 40 sto¬ 
len ts respectively ? 

In how many ways can this be done when either of the 
lection may contain 60 and the other 40 students 1 

2 In how many ways can 15 postal parcels be put 
three baga containing 5 each, the bags being of different 

jolours ? 

?. In how many ways can 9 students, be equally distil- 
buied among 3 sections $ 
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4 Prove that the number of ways of dividing up 20 

unlike things into five packets of different sizes of 4 each is 
to the number of va>s of dividing them into 4 packets of 
different sizes of 5 each as 625 is to 24. 

5. There are 3 donkejs capable of carrying weights of 
3 , 4 and 5 maunds respectively ; in bow many ways can ~ 
packets, each weighing a rnannd, be distributed among i 

donkeys \ 

6 . In how many ways can 12 things be equaii.v ( 

among four persons. ' 

7. Find the number of ways in which a pack of 52 
cards can be dealt out to four players, giving 13 cards to each. 

&. Find the number of ways in which 12 books can be 
divided (t) into 2 sets each containing 6 books, (ii) into 3 sets 

each containing 4 books. 

9. On college field-day, platoon consists of 30 boys. In 
how many ways could it be divided into sections of 10 _°y 8 
each. In how many ways could it be divided into sections ot . 
each party to go off in a different direction \ 

8.73. The total number of ways in which a selection.can 
be made out of p-rq+r things of which p are all alike, q all 

alike , r all alike is 

There are (p-fl) ways of disposing of the p alike things, 
as we may take either 0 or 1 or 2 or 3.or p of them, re¬ 

jecting all 1 be rest. Similarly the n alike things may be dis¬ 
posed of in (g-fl) ways and the r alike things in (r+ l ) wa tf 8 * 

Hence the number of ways in which all things can he 
disposed of is (p+l)(g4*l)(r+l)« 

But this includes the case in which none of the things 
is taken ; rejecting this case, the required total number of 

ways is 

(P+l)((7+l)(r+l)— 1 - 

Cor. The number of ways in which a selection can be 
made of things of which p are alike, q all alike and the 

remaining r all different, is 

(/> + !)(? + l)2 r — 1* 
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Ex. 1. If there are 5 different kinds of weights and three 
of each kind, what is the total number of different groups of 
weights ? & r 

The total number is 


(3+l)(3+l)(3+l)(3+I)(3+l)—I—4* —I—1023. 

Ex. 2- Find the number of ways in which it is possible 
to make a selection by taking some or all of n different things 
at a time, and hence prove that . n C n =2 n —l. 

Here each thing may be dealt with in two ways, viz., 
either it is rejected or accepted. But each way of dealing 
with a thing is associated with each way of dealing with any 


* 



total number of ways are 2 x 2 . 2 = 2 * but these in¬ 

clude the particular case when none is taken, 
required number= 2 n —l. 

Again since the number of things selected may be 1 or 2 or 

3.or n, the required number cf wavs is also 

= w C 1 -F n C 2 -f-.«0„. 

Hence "C a -f*C 2 -F . ...+«C„=2»- 1 . ^ 

Ex. 3. How many different groups of coins may be 
formed with a four shilling piece, a florin, a shilling ai.d a 
six pence ? 

The number=2 4 —1 = 15. 

Ex. 4. From 3 mangoes, 4 oranges and 2 apples, how 
many selections of fruits can be made taking (i) at least one 
of them, (») at least one of each kind ? Ans. 59, 24. 

Ex. 5. A question paper consists of six questions. In ! 
how many ways can a candidate attempt one or more 
questions ? Ans 63. < 

Ex- 6. Prove that the total number of selections that 
can be made out of the letters “daddy did a deadly deed" 

is 1919. - (B.U.) 

8.8. Greatest value of ”0 f . For any particular value of », u. 
the value of "C r at first increases and then begins to decrease 
as r increases. 

For example when (i) n—4 ( ii) n=5 all the possible values 
of »Cr are < 0 o , <0, *C 2 , *C 3 , 4C 4 . 

= 1 4 6 4 1 

5 C 0 , «C a , 6 C 2 , «C 3 5 C 4 , sc 5 

= 1, 5, 10, 10, 5, 1. 


and 


4 
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In the first case when #=4, the greatest value is 6 which 

. o 4 » 

occurs when r=2= = — 

L u 

In the second case when 5, the greatest value is 10 

... , 5 — in— 1 „ 5+1 n+I 

which occurs when r— 2 — , or r=3==— 2 ~ = _ 2~* ’ 

We now discuss the general case. 

*8.81. To find the value of r for which *C r i-e. t the 
number of combinations of n different things taken r at a 

time , is the greatest. 

We have, 

p ??(»—!).(n—r+2)(«— 

Ur “ . i.2.3.(r-l)r 

i vi(n — 1). (n— r+2) 

and -r.2~rr- 


...( 1 ) 


"C r —” ~- r — 1 - X n C r - !. 

r 

This show that 

»C r > n C f - 1 as^long as > l 

r 

t.e., as long as (a —r+l)>r or n+l>2r 
i e., as long as r<\ (n+1) 

Since r is necessarily an integer n G r is greatest when r is 

the integral part of 

• /* * 

Two cases arise according as n is odd or even. 

Case (e) when n is even , n+l is odd and ~ is the integ¬ 
ral part of 


2 


11 

*C r greatest when r= 


e.g., when ti~ 4, r = — 5=2 
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Case (ii) when 7 ? is odd, n +1 is even so that £ is an 

integer, r =—J. 


In this case 72 — 7 —- — “S. _ !! 

r v 

that r —\ (n-fl) and 7 — 1 — \ 

value of n C r . 


= from (1) »C r ="C r -j, so 
(71 — 1) both give the greatest 


e-g. vhen ;?=5, 




Ex. 1. A man makes different selections of r things out of 
14 things. If the number of selections is to be the greatest 
possible what must be the value of r ? Ans. 7 


Ex- 2 A man has 12 friends whom he wishes to invite to 
dinner so that all the guests may not be the same at any two 
dinners the same number being invited each time. If he wishes 
to have as many dinner parties as possible, how many must he 
invite each time ? Ans. 6 


Ex. 3. A person has 8 friends, among whom he wishes to 
make up as many dinner parties as possible, ipviting the same 
number each time. How many times is one particular person 
invited ? Ans. 35 

Ex. 4* If y= 8 O xl plot the positions of the point (x t y) as 
x takes up successive integral values. Find what value of x 
gives a maximum value of y, Ans. 4. 

Ex. 5- Out of 9 boys how many should be taken to form 
a group so that the number of different groups may be the 
greatest ? (Q. 1947) Ans. 4 or 5 

8.82. To find the number of combinations of n things 
taken r at a time when all the n given things are not dissi¬ 
milar\ (<'f. Art. 8,5) and to find the number of corresponding 
permutations . 


The method to find out the number of permutations and 
combinations in these cases can best be illustrated by solved 
examples below ; — 

Example : — Find the number of (a) the combinations (b) 
the permutations of the letters of the word accommodation 
taken 4 at a time 
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{a) The letters of the word accommodation when written 
down will be as follows : 


*\ 

a \ 


The following cases will arise : 

(t) When all the 4 letters selected are dissimilar then 
number of combinations= 8 C 4 = 70. 

(it) When two of the letters are alike and other different- 
then alike will be either 2 ‘a’s or 2 Vs or 2 ‘o’s or 2 ‘m’s i.e. 
there are four possibilities and corresponding to one possibility 
a group for remaining two can be selected in 7 C 2 = 21 ways. 

,\ Total no. of combinations under this case = 4 x2l=84. 

(i*t) When three are alike then only *o’s are possible and 
fourth can be selected in 7 C 1 = 7 ways. 

No of combinations in this case=7. 

(tv) When four letters selected are like in pair’s i.e, out of 
four groups of like things any two are taken in 4 C 2 = & way9. 

/, Total no. of combinations=704'84-f 7 f 6^=167; 

‘ (fc) Exactly as above we shall now form permutations in 
each of the different oases : — 

Case (») No. of permutations 

=*70X 1 4_ = 1680. 

I 

(as all the four are dissimilar) 

(ti) No. of permutations 

I 4 


(as 2 are alike) 

(jii) No. of permutations 

I 4 

=7X ^=28. 

(as three are alike) 


=28. 
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(*e) No. of permutations 

I 4 


=6x 


2 12 = 36 ' 


(alike in two pairs) 

Totol number= 1680+1008+28 + 36 = 2752. 

EXERCISE XXXVI-C 

I.. Find the number of combinations of the letters of the 
word college taken four together. (Q. 1950) 

2. Find the number of combinations of the word 

MATHEMATICS taken four at a time (Q. 1948) 

3. Find the number of permutations of letters of the 
words in Qs. 1 and 2 above when (a) all are taken together ( b ) 
when four are taken at a time. 

4. Find the number of combinations and permutations 
of the letters of the word independence taken four at a time. 

(C.U.1 

5. Find the number of combinations and permutations 

of the letters of the word examination when taken 4 at a 
time j ; (P* 

MISCELLANEOUS EXAMPLES 

8,9. We now deal with various types of problems requir¬ 
ing the application of the principles of Combinations and Per¬ 
mutations. 

8.91. Formation of a Committee. 

Ex. 1. There are five professors of Mathematics and 
four of Physics (i) In how many ways can a committee of 
five be formed consisting of three professors of Mathematics 
and two of Physics ? 

(ii) In how many ways can the members take their seats 
in a row ? 

The 3 professors of Mathematics can be chosen from 5 ifl 
8 C 3 ways, and out of 4, 2 professors of Physics can be select^ 
ed in 4 C 2 ways. 
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But every group of the professors of Mathematics can be 
associated with every group of those of pin sics. 

Hence the number of committees — & 0 3 x 4 C 2 

— H) X d—tiO. 

(u) l’be five members of any committee can be seated in 
a row in | J5 ways. But there are 00 ways of forming a com¬ 
mittee. 

the required number of ways=60x |5 

=60 X 120=72u0. 

Ex. 2. In how many ways can a committee of 5 be form¬ 
ed from 6 of ficials and 4 refugees representatives so as to 
include at least 2 refugees representatives . 


A committee of 5 can consist of, 

either (t) 2 refugees and 3 officials 

or (“) 3 ,* „ 2 

w (»«) 4 „ „ 1 official. 

2 out of 4 refugees can be selected in 4 C 2 ways and 3 out of 
officials can be seleoted in tJ C 3 ways. 

Since each way of selecting 2 refugees can be associated 
with each way of selecting 3 officials, the number of ways of 
forming a committee as in (»). 

4 p v ep _4x3 6x5x4 

^ 2 3“‘ 2 X 3x2~ “ 12 °* 

Similarly the number of ways in whfch committees can be 
formed as in cases (it) and (iii) is 

4 C a x n C s = 4x-~~ -=60 and X 6=6. 


the required number= 120-f 60-f6= 186. 

3. Find the number of ways in which a committee of one 
European, 2 Americans and 3 Indians can be selected from a 
body consisting ot 3 Europeans. 6 Americans and 9 Indians. 

4. In how many ways can a committee consisting of 4 
Conservatives, 3 Liberals and 2 Labourties be appointed from 

10 Conservative, 5 Libera] and 3 Labourite members of a 
Parliament ? > 
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5. There are 8 men volunteers and 4 women volunteers. 
How many parties of 5 can be formed u) including exactly one 
woman volunteer, (ij) including at least one woman volunteer ? 

8.92. Straight Lines and Triangles. 

Ex. 6 . There are 15 points in a plane. Find the number 
of (a) straight lines {b) triangles formed by joining them 
when (i) no three of the points are in a straight line , U'i) when 
4 of the points are colhnear . 


(a) (i) Any two points joined together give a straight line. 
The number of straight lines 



15 - X ^~ = 105. 


Hi) 4 points would give 4 C 2 =6 straight lines. 

But when these 4 points are collinear they form only oi e 
straight line. 

Hence the required number of straight lines 

= 15 C 2 - 4 C a -f 1 = 105-6+1«I0t>. 

(ft) Any three non*collinear points joined together from a 
triangle, • 1 

(:) the number of triangles 

= 1# C 8 =^~^=5X7X 13=455. 

(U) 4 non-collinear points form 4 C a =4 triangles, 

but in this case 4 points being collinear give no triangle. 

,*. the required number of triangles = l 5 C 3 — 4 C 3 =455—4 

=451. 

• 

7. How many triangles can be formed by joining 11 points 
*6 of which are in the same straight line ? 

8 . There are p points in a plane no three of which are 
in the same straight line with the excepticn of q t which are 
in the same straight line ; find the number of (i) straight lines; 
<(ii) triangles which result from joining them. 


PERMUTATIONS AND COMBINATIONS 


141 


8.93* Arrangement of Letters and Balls. 

Ex. 9. In how mayiy ways can the letters of the word 
MAJESTIC he arranged so that 

(i) S and T may always he together ; 

(«) S and T may never he together ; 

(nil the vowels may never he separated * 

(iv) the vowels as well as the consonants he never separa¬ 
ted ; 

(v) M may occupy the first place and C the. last place ? 

(i) Let Sand T be fastened together a9 one letter ; then 
we have to arrange seven leters M, A, J, R, (?> T) I, C. This 
can be done in 7 =5040 way9. 

But every such arrangement gives 2 separate arrange* 

tnents when S and T are arranged between themselves, ?ks S T 
and T S. 

Hence the required number— | 7 x | 2 = 10080 . 

(it) The total number of arrangements of all the 8 
letter is |8. 

The number of arrangements in which S and T are to 
gether is | 7 X | JJ. 

•\ the number of arrangements in which S and T are 
never together^ 18-17 | 2= | 7 (8-2) = 30240. 

(in) The three vowels may be taken together as one, then 
the number of letters becomes six which gives |6 arrange¬ 
ments ; but every such arrangement gives rise |3 fresh 

arrangements, as the three vowels in it can be arranged 
among themselves in 3 ways. Hence the required number 

! «x 1 3=4320. ~ 

(iv) The 5 consonants taken together can be arranged 
among themselves in |5 ways and corresponding to every 

such arrangement there are |3 arrangements of the 3 vowels. 
Hence there are J 5 X |_3 arrangements. 

' But consonants and vowels as such taken separately can 
be arranged in 12 ways. 
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Hence the total number of arrangements 

— | 5X | 3X 12=1440. 

(v) The places of M and G being fixed, the remaining 
six letters can be arranged among themselves in <l P o =720. J 

Ex. 10. In how many ways can the letters of the word 
* FRACTION ’ be arranged so that the vowels may occupy 
odd places , (n) no two vowels may be together ? 

(j) In the first case we have 8 letters to arrange, 5 
consonants and 3 vowels. Xp t us exhibit the places to be 

1 2 3 4 5 6 7 8 

.. j (A) ( ) (I) ( ) (0) ( ) ( ) ( ) 

\The three vowels can be arranged in any three out of the 
fourvojdd places marked 1,3 5,7 The number of ways in 
which this can be done is 4 P S or 24. 

For any such arrangement of the vowels the 5 consonants 
can be arranged in the remaining five places in 5 P 5 or 120 4 

ways. 

Since each way of arranging the vowels in the odd places 
can be associated with each way of arranging the consonants 
in-the remaining places, the total number of arrangements is 
therefore. 

= 4 P 3 X 5 P 5 = 24x 120=2880 

(ii) In the second case let the five consonants be arrange - 
ed as shown be'ow : — 

xFxKxCxNxTx 

Then in order that no two vowels may be together, the 
vowel?* can only be put in places marked as x and consonants 
bein" five in number the number of such places must be six. 

Now the number of ways in which the three vowels can 
be arranged in any three out of these six places is 6 P 3 or 120. 

Frr each arrangement of the vowels, the 5 consonants can 
be arranged among themselves 5 P 5 or 120 ways. 

Hence the* total number of arrangements 

120 X 1 2°=--14400 

Ex ll\ /n hfw many ways can 5 white balls and 3 , red 
balls be arranged in a row so that no two red balls are 

together ? v---’ 
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Let the white balls.(represented by W’s) be put in a row as 
shown below ; 

xWxWxWxWxWx 

, In order that no two red balls may be together, the red 
t balls can only be put in places marked as x and the white 
balls being five, the number of such places is six. 

Hancein order to place the 3 red balls, we must choose 
any 3 out of these six places ; which can be done in 6 C 3 or 20 
wavs 

V 

_ r 

. ?iote Here the balls being alike the question of arrange¬ 
ment of the whito and red balls among themselves does not 

arise. 

9 i « 

I ' , ^ a 

12 In bow many ways can 8 answer-books be arranged so 
that the best book and the worst book are always together ? 

13. Find the number of ways in which 3 hooks on Mathe- 
matirs. 4 on Physics and 2 on Chemistry can be arranged on a 
shelf so that books on the same subject are together. 

14. In how many ways can the letters of- the -word Traction* 
be arranged so that 

.:•(*) /'and y may alway 8 be together ; 

. {ii) /and >• may never be together ; 

(m) the vowels may never be separated ; " 

( # • . • ' • • • ' » t '» • • • , 

it;) the vowels as well as the consonants may be never 
separated ; 

' .i i i • 

(?•) f may occupy the first place and n the last place ; 

W) / and n may occupy the end places ? 1 : ' 1 

. * i • * 

15. How many arrangements can be made from the letters 
> of the word * PENCIL*. • 

(») beginning with N and ending with C ; 

{ii) N and C occupying end place ; J 

having N, C always together ; 

4*VL Laving N, C never together ; 

(td so that N, and C occupy middle places ; 

(f t) *;'N and Qas in(r), letters P, E and I, L coming always 
before or after N, C ?• 
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16. In how many ways can the letters of the word terror 
he arranged so that 

(i) the two vowels are together ; 

(h) the relative position of the vowels and consonants is not 
altered ? 


17. How many numbers can be formed with the digits 
9, 6, 5, 6, 2, 6, 1, so that the even digits may always occupy 
■even places ? 

18. » In how many ways can the letters of the word 
■ ‘integral” be arranged so that no two vowels may be to¬ 
gether '! 

19 4 Find how many diffeient words can be formed with 
five given letters, of which three are consonants and two are 

vowels, no two consonants being juxtoposed in any word. 

* ' ' 0 

20. In how many ways can 12 cricket balls and 7 tennis 
ballB be arranged in a row so that no two tennis balls are to- 
geth er ’? 


8.94. Combination and permutations including particular 


* 


things. 

Ex. 21. In how many of the (i) combinations iii) permu¬ 
tations of n things taken r at a time will 4 given things 
occur f 

(t) Since 4 particular things are to be included in each 
group, we have to select only r—4 out of the remaing n—4. 

Bence the required numbers ”- 4 C r _ 4 . 

(it) The r things in each of the "“ 4 C r . 4 groups can be 
-arranged among tbemselve in j r ways 

% the required number of permutations 

="- 4 0_ 4 X \r 1 _ 

which can also be written as 

I n-4 ... l-"-i_ x OT -*P^ X'P*. 

i—4 


1 n —r I r—4 


- X I r = 


I n-r 


I 



permutations AND COMBINATIONS 
Ex. 22. Prove that /4 P ; .= ”- 1 P,4-rX"- 1 P ; . ( 
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” ' “ ltlu r ' = ^•+rx-p,_ l . (R u 1933) 

. (i) Those permutations which do net contain „„ f i 

Sa*r* fsr*i~ *» *. *~s*£ssz 

n jp " 1 tbmgfl m,-places amMJietefore thonumbpr is 

aiways o^T ^nu^T T ^ ^ ^ 

y ,LU,rs . I he number of such permutations is 

«->e*— 

Hence find the value of ”P r «, « product. (P. U. 1944) 
- have* to fT;, the " 

IkVtalS.-S'SS “""f ° f (n l) 

must be "-lp^ in nurnber ern * tU ” e ' rheSe P er,n utatioDs 

thist also =r.p r 0tal uumber of P erm,, tations-=n x " _, P r - 1 huh 

Hence n P r =„x“-«P,_ 1 . 

Decreasing both , and , by , repeatedly, we get 

^r -1 = (/? — 1 ) X »- 8 p f _ 2 

* n “ 8 Pf -2 = (/?—2)x ;/ “ 3 P r . a 

****** 

r+8 P»=(«—r-f 3) x W_f+8 P 2 

aidtfte'hav" g *" Rnd canceIlin g common terms on the two 
"Pr^nfn - l)( n -2) . r+2 )-‘—i P] 

n(» 1)(» 2).0?—H-2)( n -r-fl). 
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Ex. 24. A man possesses 10 coins out of which he has got to 
take 5 coins. Find in how many of the selections (*) one (n) 
both of two given coins will occur. 

Ex. 25. Show that the number of permutations of n things 
taken r together in which p particular things always occur is 

f -/> X f P p. 

8.95. Permutations in a ring. 

Ex. 26. In how many ways can 5 persons form a ring f 

Let the 5 persons be denoted by the letters a t b, c, d> and e, 
and let one of the ways in which they can form a ring be as 
shown in the figure. 

Starting with different letters and reading them in the 
counter-clockwise direction the various arrangements of the 
letters thus obtained are 



abcde » bcdea> cdeob, deobc t e.abcd* 

These are different linear arrange* 
ments. but have no essential difference 

when regarded as circular arrangements. 

This shows that a single circular 
arrangement of the 5 letters gives rise to 
& different linear arrangements. 

Hence if the required number of circular arrangements of 
the 6 persons be r, the total number of the linear arrangements 
of the same persons will be 5 x. 

But we know that the total number of linear arrangements 
of 5 persons is | 5. 

Hence UL 


\ I 6= 14. 


Thus the number of ways in which five persons form a 
ring= |_4_ = 

Similarly the number of ways in which n persons can form 
aring=|n—L 
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The same results can easily be obtained as follows j— 

.. S,no ®. ln e t oh circular arrangement we have to consider 

ne position of one person relatively to others, we can get the 

esired result by fixing some person in one position and then 

7 arran g'ng the remaining n -1 persons among themselves in 
j n —1 ways. 

In \° W ”\? ny u ' ays can d Versons he seated at a 
round table so that all shall not have the same neighbours in 
any two arrangements , (Q. I9r»l) 

The total number of ways in which 5 persons can take 
tneir seats at a round table, (one of them occupying a fixed 

position) := | 5—1= j 4=24. 



Two of these 24 arrangements are shown in the above 
figures. 


It is evident that in both these arrangements all the 5 
persons have got the same neighbours only with this difference 
that the left-hand neighbour in the one becomes the right-hand 
neighbour in the second. 

Since all persons are not to have the same neighbours such 
a pair of arrangements must be counted as one. 


the required number—$ j4=12. 

E*. 28. Find the number of ways in which 3 men and 
3 women can be seated at a round table so that no two women 
may be together . 

Let the 3 men occupy seats with alternate places left 
vacant. This can be done in j3— 1 =2 ways. ^ 
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The 3 vacant places can now be tilled by women in [_3 
different ways -the required number= !2x 1 3=2x6=12. 

29. In how many ways can 8 persons be seated, at a 
round table \ 

30. In how many ways can four persons be seated on a 

council table so that‘all shall not have the same neighbours in 
any two arrangements ? (Q- 1945) 

31. (a) In how many ways can ten children sit in a merry- 
go-round relative to one another \ 

(b) In how many of these arrangements shall all children 
have different, children in front of them, the merry-go-round 
being revolved in either direction ? 

32 Given ten heads of different colours, how many 
different necklaces may be formed by stringing them all 

together ? 


33. Find the number of ways' in which 12 persons can 
form a ring so that 3 may always be together ? , 

34 In how many ways can 8 gentlemen and 8 ladies 
sit down at a round table so that no two ladies may he 

together ? ’ . ,. 

35 A gentleman invites a party of m + n friends to dinner 

and places m at one round table and n at another. Show 
that the number of ways in which he can arrange them among 

themselves is 

l_m+7? 

m.n 

36 A gentleman invites a party of 13 guests to a dinner 

and places°8 of them at one table and the remaining 5 at 
another, the tables being round. Find the number of ways m 
which he can arrange the guests. f 

37. In how many ways can 5 rupees and 6 pme be 
arranged (i) in a row, (») in a ring '( u. 

exercise XXXVII 

1. There are seven animals, one of them being a cat and 
another a rat. In how many ways can they go in a line so that 
the cat and the rat are never together . 
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2. There are six clerks in a college, three senior and 
three junior. In how many ways can the office work be 
assigned to them in three months’ vacation if it is required 
that one senior and one junior clerk must be in the office each 
month ? 

[Hint. 3 senior clerks can be assigned three months in ' 3 
wavs and so also the juniors). 

3. Twenty four persons arc to travel by a motor-bus 
which can accommodate 15 inside and 0 outside. If 6 object 
to travel outside, and four are unwilling to travel inside, find 
the number of different ways in which the parties can travel. 

(Hint- Give the 6-+-4=10 unwilling persons their full 
choice, out of the remaining 24—10—14 select cither 9 for 
inside or 5 for outside.] 

f 4. 10 M.A.’s and 7 M.Sc.’s apply for admission to the 

B.T, class out of which only 5 are to be taken. In how many 
ways can the selection bo made if at least one Xf.Sr. must 
be taken ? 

5. Two rings which are exactly alike have to be placed 
on ten pegs of different colours each of which is capable of 
Taking both rings. Find the number of ways in which this can 
be done. 

6. A girl has three different rings. Find in how many 
wavs she nan arrange them on her eight tiogers with 

(t) not more than one ring on any finger ; 

{i>) not more than two rings on any finger. (U.U ) 

7. How many parcels, each containing not more .than 

can be made with 8 books to choose from ! 

8 At an election where every voter may vote for any 
number of candidates not greater than the number to be 
chosen, there are 6 candidates and 3 members to he chosen ; 
in how many ways can a man vote ? 

9- There are 4 candidates for two vacancies. There are 
3 electors, each of whom can vote for two candidates or just 
for one ; in how many ways can their votes be given ? , 
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10 . Show that the number of all possible selections of one 
or more questions from 9 given questions is 2 9 — 1. 

[Hint. Either a question is selected or rejected, i.e each 
question is dealt with in two wavs. Also each way of dealing 
with a question is associated with each way of dealing with 
any other. Therefore the number of ways is 

=>2x2x2x2x2x2x2x2x2=2 9 

But this includes the case when all are rejected, 
the required numbers 2 9 — 1.] 

11 . Show that the number of all possible selections of one 
or more questions from eight given questions, each question 
having an alternative, is 3 H ~1. 

12 . A telegraph has 5 arms and each arm is capable of 
4 distinct positions including the position of rest ; what is the 
total number of signals that can be made ? 

13 . An examination paper is divided into two groups 
consisting of 3 and 4 questions. Candidates are required to 
answer at least one question from each group. In how many 
ways can a candidate select the questions ? 

14 . How many words can be formed out of the letters of 

the word article , so that the vowels may occupy the even 
places. (P U ' 

15 . In how many ways can the letters of the word 
({) integral (??) chairman he arranged so that the vowels may 
occupy odd places i 

16. Find the number of ways in which the letters of the 
word (?) fashion (it) mansion can be arranged such that the 
vowels may occupy odd positions. 

17. Find the number of words that can be formed with 
two different consonants and one vowel out of 7 different con¬ 
sonants and 3 different vowels, the vowel to be between the 

two consonants 

18 . Show that the number of ways of seating 2 n persons 

at two round tables, n each, is |2n-rn a . 

19. Show that the product of r consecutive integers is 

-divisible by | n 

[Hint This product in n Pr— |rX”Cr]* 
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20. Show that 

nfa+lHn+g).(it+r =U i8 an integer 

I r 

[Hint. Thifl*«" +f “ ,1 G r .] 

21. There are m men and n monkeys; n being greater 
than m ; find the number of ways in which each man becomes 
the owner of one monkey. 

If a man may have any number of monkeys, in how many 
ways may every monkey have a master ? 

22. A rectangle has n lines ruled across it parallel to one 
pair of sides and n lines parallel to the other sides. Prove that 
the number of rectangles formed is £ (n-f l) 8 (n-f 2)* 

23. On three straight lines are taken a, b and e points 
respectively, (?. *>., a points on one line, b on another, and c 
on the third) ; no one of the points is a point of the intersect 
tion of the lines and no three of the points, one on each line 
are collinear. Prove that the number of triangles which can. 
be made by taking three of the points is 

)(c -h o) (a -b b)— (ab+be -f- ca ). 

REVISION QUESTIONS III 

1. Find the number of permutations of n things taken. 
r at a time. How many of these wilt (t) include two things^ 
(u) exclude two things ? 

2. How many arrangements can be made out of the 
letters of the word *‘draught” the vowels never being 
separated ? 

3. Prove that the number of permutations of n letters 
taken r at a time which begin with some particular letter 

is 

(а) Hence show that *P r **n X^Pr-*. 

(б) Deduce the formula n P r =»n(n—1){»—2)...(n—r-f 1). 
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4 . Show that 154 numbers less than 1000 and divisible 
by 5 can be formed with the ten digits, each digit not occurring 
more than once In each number. 

5 . Find the number of permutations of the letters in the 
word INDIA. 

6. There are p copies of each of the n different books ; ^ 

show that the number of the different orders in which thev can 

be arranged on a shelf is j np (p !)". 

7 . There are 4/,. things of which n are alike and all the 
rest different, show that the number of permutations of the 4 n 
things taken 2 n together, each permutation containing the n 
alike things is '3// ( [ n) 2 . 

8. Show that the number of ways in which it is possible 
to make a selection by taking some or all out of p+q+r things, 
where of p are alike of the one kind, q alike of second kind and . 
r alike of a third kind, is 

9- There are a different books and p copies of each, show 
that the number of wavs in which a selection can be made 
from them is (;;-f 1)*—1, v 

10. Show that the total number combinations out of 

(p-V q+r) things of which p are alike and q alike and r all 
different, is -f-1)(g-f-1 )2 r 1. 

11, Show that ( i ) the number of ways in which ,nn things 
can be divided into sets of n things is 

{ mn 


\j i/ ( I ny ,>% 

(ft) the number of ways in which 2 n things can be divided 


into groups of n pairs is 0n 




it 


12, A person has 15 acquaintances of whom 5 are relatives. 
In how many ways may be invite 13 guests from among them 
so that 3 of these may be relatives ? 

‘ 1 13. In bow many wa\s can 16 rupees be divided among 4 
persons so that no person shall receive less than 3 rupees ? 
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14 - In bow many . ways can J6 departments be allotted 
to 4 ministers so that no minister shall have less than 3 depart¬ 
ments under him ? (Departments to be regarded as alike). 

(P. V. 1939) 

15 . In how many ways can 1U different toys be divided 
among 5 children so that each child may receive two toys '• 

16 . If there be two kinds of balls, red and green, and at 
'least five of each kind, how many different ways are there of 
'filling five different, boxes with one ball each ? 

17 . How many different numbers greater than 10,<i<)0 can 
be made from the figures of the number 55301 '? 

n n 

18 . Show that T *J r = 1 and hence find the value 

r 

of «0 ( . |See An. 8*51 

19 . Show that 

(*> j22.3.6,7 .(2«— 1) )2 X 

(ii) |4n={ ).3.5....(4 n -l) fx22"x[2 n . 

20 . Find the sum of all numbers that can be formed b? 
taking all digits at a time using the digits 1, 2, 3, 4, 5. no digit 
being repeated in any number. 

[Hint. It is clear that in 4 f..e. 9 24 cases the place uf any 

•one of the digits, say 1, is fixed, (i e.. the digit 1 occupies the 
unit’s place in 24 cases, the ten’s plaoe in 24 cases and so on). 
Therefore the sum arising from the digit 1 alone is 

-~24[1 -t-10'P 1004 JOOO-r-UMlOO] 
=260684. 

'Similarly sum from 2 alone—2 x 26^604 
’ „ „ 3 „ —3 X 260664 

„ 4 „ —4 X 260664 

,, „ t , 5 ,, =2x 266064 etc. Now add.) 

21. Find the sum of all numbers greater than HJU0 formed 
by using the digits 1. 4, 6, 9 no digit being repeated in any 
dumber. 

22 . Find the number of ways of carrying all of 4 fiags on 
3 anaeta, where all the masts need not he used. 
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23. Out of a party of 4 first net and 3 second net player* 
one game at lawn tennis is to be arranged, each side consisting 
•of one first net player and one second net player. In how 
many ways can this be done 1 

24. A tennis club consists of 6 single ladies, 6 single 
gentlemen and a married couple. In how many ways can a 
mixed double (i.e., one lady and one gentleman on each 
side) be selected so that the married couple are not both 
included ? 

25 Prove from first principles that 

»C,= w ~ r C[See Art. 8*61] 

Apply it to show that 

"C 0 4- n C 1 -f- w 0 2 -f.-f"C n =2». (P. U. 1932) 

[SoL We have 

»C 0 =»»- X C 0 ( each being unity) 
"C 1 =*“ l C 1 -f n “ 1 C 0 (by part first o{the question) 

"C-1= n-1 C n -i -H n ~ 2 0*- 2 

(each being unity). 

Adding ’ i 0 o +"C 1 +...+*C„=2( B - 1 C 0 + n_1 C 1 +...+“ _1 C»- 1 ) 

=2 8 ("- ! C 0 +*- , C 1 +... +»-*C„-2). 

etc . etc . 

=2-K’C 0 + l C 1 ) 

=2" -i x2 






CHAPTER IX 

BINOMIAL THEOREM 

Positive integral Index 


9.1. An algebraical expression consisting of tv o term* 
connected by the signs -j- or - such as y -a, 3#*-—5 y, in called 
a Binomial. 

The product of a binomial by itself any number of times 
or raising a binomial to any power or the root of a binomial is- 
very often required. It can easily be done by the help of a 
general formula called the Binomial Theorem. 

We now prove a special case of this important theorem by 
^ the method of Induction already explained. 

9.2. To prove that when n is a positive integer 


2 


(*+*)” = "C 0 * n +*Ci*’’ -1 «+"Cs*’* - ^a l 

+_«Cr*" * r a r +—+“Cn*"' 


By actual multiplication we have 

(aj+o) 2 =* 8 +2a*+« 2 - 2 ^ 2 +* c i ;ra + a C2« a 
' (z+aY-tf+Wa+Zzcvt+a? 

== 3 C o x 3 -j- 3 C l x a a4- 3 C 2 5caH s 08fl lt * 

/ Thus we find that the theorem is true for and 

Let us now assume that it is true for a particular integrab 
* power m\ i»e-, let 

(fe-f.o) ff »=*»C n a 4r »+ w Ci^“ 1 «4' W4 C 8 s* 7 »- 8 a t -f- 

—. -{~ m C r x rn ~ r Qf H) 

Multiplying both sides by (x+a) collecting like terms, 
we get 

(£4-a)i»+j =»**C 0 a: m+1 4* (*"0 o 4 m Cj)x w a4 ("C 1 -f 1 "Cg )x n ^a t 4. 

+(«C r . x + ro Cr)^“ f+l a f 4. 
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But ]="'• 1C 0 , "*C, W = 1 = ? "- ; - , -0 >#<+ j 
and rt, C r .. 1 + w 'C r =" , ' , '- , C r ; 

(r -f 1.«. i 4 •»*+ 1 C 1 x* M, a 

..-f w+ X C r A:"‘+i- r ri r 4-.4- ,,tT l C w +, a w+1 . 


( 2 ) 


We notice that the successive terms in (2) are of the 
same form as in (1) except that „/ is changed into 

Hence if the theorem is true for the power it is also 
true for the power /// — 1. 

i 

But the theorem is true for n=2. -—i 

Hence it is true for >1=24-1=3 and being true for 3, it 
must be true for the next integer 4 and so on. 

Hence the theorem is true for all positive integral values 


of 


n. 


9 2. The following facts about the Binomial eJ^ansion 
may be noted : ^ 

(i) The number of terms is one more than the power of 
the binomial. 

(ii) The power of x goes on decreasing by one and that 

of a goes on increasing by one, the highest power of x and 
the sum of the powers of x and a being always equal Ife the 
power of the Binomial. ^ 

(Hi) The co-efficient of any term is the number of combi¬ 
nations formed from a number of things equal to the power of 
the binomial, the things taken being equal to the power of a ^ 
(or one less than the order of term). ^ 

V " 

9 3. The (r-rl)th term in the expansion of the* jSinomial 
Theorem is called the General Term- 

• 4 

It is evident from the expansion of {x+a," given in Art. 
9.2 that 

T, +1 ="C,r»- r aV 


r t 
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9.4. Replacing .c bv 1 ami a by.i. wt* get- 

(l-|-^)« = I-|-»'C l .i- + "0o;r 2 4 . 


•_ n< 1 r » 

r ^/r' 


; . , n(n—l) , ?i(w 

-—• 


M(?i —2> . 


3 


J 


A 


i — 


t 


n 


and writing — x fur .r in this we uct 
(I—*)« = 1 _»CI.<• -f '* O.-.x 2 - . f (~1 )*r*. 


9 Sy Examples. U^v 

Ex. C^d^xpand (2# 4-3?/)''. 




Y 


(2a:-4-3^) :, =(2xf‘ 4-5(2a;W; 



+ fj (2^(32,} S- 

•1.2.3 ' ' + i J.3.4 r 1.2.3.4.5 ' 

= 32a: '4^40:^+ 720*^-j- KlMO* 2 ?/ 3 4 - 8 J 0^4-243?/\ 

Ex. 2l Write down the lOtli term in the expansion of 

(2z-y) AT 1 

By Art 9.3, we have T Ju =-- a1 C 0 (2j)J V" !, (-») 9 = ’ -iC.j4.rV 

(-»)*■ 

“- 1 i l -^2° 4a: V-=- 2 ^V. 

E^3. Find the middle term of \ — -■ 

I x 

The total number of terms in the oxpansion being eleven, 
the tfth term shall be the middle term. 

\ i j 6 10.1) 8.7 0 .. ... i 


T-liip r lO-6 1 2.J. — v a;B/ l\6 / ___o^o 

0 (~x ) - 5.4.32.1 • x) jr r *- 25 "‘ 


Ex. 4. Find the two middle terms of <2o — 


a*)* 

4 V 


The total number of terms being 10 ; 5th an d <$h will be 
the two middMfcferms. 
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T.-W- (- £} -jt'j: 


To-' 


/ a 2 \ 5 

= 9 C 6 (2 a)*-* (~ T ) 

9.8.7.6.5 2 4 a 4 (—l)-a 10 
“5.4 3.2 1 * 4 s 


63 
32° 


14 


EXERCISE XXXVIII 


Expand the following : 

1. (i) (1+ 2 )*. (ii) (l—*) 5 - 

2. <*> CO <*-*>> (y+f). a 

(6) Prow, that ( ) -( z-~) =12(* 4 +- 


3x 2a v 17 


( OX 2flv 

T + ~3~/* 


(«) 19th terra of £2a^~ 

4 , (a) Find the terra independent of & in ^3x 2 - 

(6) Find the term independent of x in ( x— ^) 

5. Find the middle term in the expansion of 

/4a 3x\ 8 

(i) (1+*) 110 . (»'i) 

$. Find the two middle terras of 
(i) [3*- ^] 9 («) ( *- 4/‘ (»♦) 


7. If (*+ fT =* s - 

find the value of?? and n . 


x* . 15x* 

7 


i f 

3 - + “ V +•- 
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8 . In the expansion of (V3-f-\/2) d find which tonne are 

rational ? 

9. Find the ratio of the middle term to the one before it> 
in the expansion of (l—2s) 8 °* 

r 

10. If in the expansion of (l-rsc) w the fifth term be four 
times the fourth term and the fourth term be six timeB the tuud 
term, find the values of n and x . (Delhi n. fc.) 

9.6* Examples 

Ex 1. Find the coefficient of x n in the expansion of 
(l-fx) 8 ", n being a positive integer. 

Here T 1+1 = fi *C r x 2n ~ r . 

But since we have to find the coefficient x u y we put 
2 n—r=n 


.. r*=n. 


the required coefficient=~ 2tt C„ 




Ex. 2. Write down the co-efficient of —- 9 

y 


in the expon~ 


«on of ( y+ 


T r+ , «= 1 °C r j/ 10_r (^-) f = 1 °C,y 1 °~'a ir y- 2, ’= 10 C,a* , </ I0_ * f . 

y 

If this term contains or w” 2 we must have 

y* 

10—3) «=—2, i e>> > ,:ss 4.. 


10.9.8 7 R 1 __ 210a 8 # 
4.3.2 l ° t/ s 


Putting r—4: we get 
T 8 =* 10 C 4 a 8 2/ 10 * 18 ” 


/. the co-efficient of-j~=210a 8 . 

y 
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Ex. 3^ Hind the term independent of x in the expansion 

of ( 2r2 -*-)• 

Let (,H-l)th term be independent of x . 

Then T r+1 = i 2 C r ( 2 * 2)1 J_y 

= ls Cr2 12- r X » 4 -Sr (_1 y x ~r 

= 12 C,(—l) r 2 12 -’-* !4 - 3r . 

This will be independent of a: when 

24—3r=0, i.e. 9 ?*=8. Putting r=8, we get 
T y = 12 C K (— l) 8 2 4 rr° = 16 x 12 C 4 

19 11 in Q 

= 16X =16x495=7920. 

Ex^ 4. iiind the Binomial expansion whose first three 
terms are 32, 24t), 720. 


Let the binomial expansion be ( a-\-x) n . 


, „ , , n(n — l) - 2 o, nOi — 1){^—2) , .> 

{a-t-z) n =a tl +?ia n - l x+ - v - ~a'-*x- + - .«** 

+. 

Therefore comparing the first three terms, we have 


a n 

=32 

(i> 

na n ~ l x 

=240 

(«> 


= 720 

(Hi) 

1.2 



Thus we have 

three equations in 

3 unknowns a , x and 


Multiplying (t) and (iii) and dividing by the square of (it) 
we have 

„(„_!) a zn-2 x 2 720X32 
K2 240x240 


or 



or 5n—5=4;;, or ;;=5. 


Putting «=51n (ij, we get a 5 =32=2® ; 
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Putting a= 2, w=5 in ($7). we get 

5 x 2 4 x *=240 so that x—3. 

Thus the required binomial expansion i. ( 24 - 8 )°. 

EXERCISE XXXIX 

1. Do (i) x u and (tV) * 18 occur in the expansion of 
(a 4 — bx*) 10 ? If so, find their co-efficients. 

2. Find the co-efficient olx 1 * in ^ 

3. Find the co-efficient of z 17 in the expansion of 
(**— 2 a?)« 

4. Show that the co-efficient of and in 

are equal. 

5. (t) Find the co-efficient of x* in the expansion of 

(1 + P 

(») and of * 15 in (*-**)w (H. S. B. 1947) 

6 . Find the two middle terms of the expansion of 

/In 11 * 

\ X ~T )• (H. S. B. 1948) 

7j Write down 5th term of (—~——and show that 

\ 5 2 x ) 

it does not contain x. (H. S. B. 1948) 

8 . Find the co-efficient of * 7 in the expansion of 
(t-*) 4 (l+*)*. 

9. Find the term independent of * in the following 1 

« [ »(-+4F 

/ 3** 1 \* 

W (“ 2*-3 (Q. 1950) (H. S. B. 1940) 

10. Find the term independent of * in the Apansion of 

f \ \i° r 

)• ^ind also sunr °* aU the terms when 

, (D. U. 1943) 

U. Show that the co-efficient of x" in the expansion of 

is double the co-efficient of ** in the expansion of 


J.62 
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12. Find r when the co-efficient of .the (/—l)th and 
(2r«f3)th terms of (I -}-x) 15 are equal. 

13. If a r denote the co-efficient of r T in (l — *)** 1-1 , prove 
that dr— 

14. Find the co-efficient of x 9 in the expansion of . N 

C 15. Find the value of the term independent of x in the 

w ; / 2 \® 

expansion of (z 3 ) (2+x) 4 . 

16. The expansion of (1 +<jx) w is C 0 -j-C 1 «4"^ 2 +.+ 

C r x r + .. C„x**, n being greater than 3 and a is not zero. If 2C ? 
=3C 3 and C 1 C 3 =/C 4 find a and n. 

17. The first three terms in the expansion of (1-fax)* by 
the binomial theorem are I, 8s, 30x 2 . Find the values of a 
and n and show that the co-efficient of X s in the expansion is 

1.361. 

18. Find the binomial expansion of v^liich four consecutive* 

terms an- 576, 2160, 4320, 4860. (P. U. 1931) 

19 Employ the Binomial Theorem to find (9?9) s . 

P ' (H S. B. 1946) 

* * » * • # % 

# 

9.7. Properties of the Binomial Co efficients 

The co-efficients of various terms in the expansion of 
(x-f-a)* or (!-+*)" are 

• nG 0 , "C* "C 8 . »C 3 . 

«(»-!) »(*— 1 •. 

or i f n, » | 3 .. 

These are called the Binomial Co-efficients. ; We shall now 

consider the properties of these co-efficients. 

- (1) Tne coefficients of terms equidistant from the beginning^ 

and end are equal. , , , . . _ 

• " The* co-efficient of the (r-j-l)tb term from the beginning 

is ^Cf. i • >» ■* • ’ 

There are altogether (n+1) terms and the *(f+l)th 4enn 

tom the end has (n+l)—(r-H) or n—r terms before it. 

Hence the (r-fl)th term from the end is (»—r-M)tn W® / 

fnoiB the: beginning and its covefficient is *C n ^ri 

But "Cf=*C* -f . 


. . « 
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the coefficients of the (r-(-l)th terms from tb£ beginning 
and end are equal. 

(2) The sum of the Binomial. Coefficients— 2*. . 

Put x —1 in the expansion 
(l+^) n = f, C 0 -f Ti C 1 A;+ w C 2 % 2 H-.-f : n C n x n . 

We get 

2»=«C 0 +«C 1 -h"C 2 -f.+ n C«. 

=sum of all the co-efficients. 

(3) The sum of the coefficients of the odd terms 

=the sum of the co-efficients of the even terms —'l"" 1 . 

Put *= —1 in the expansion 
(|+JK ) « = ng o+ ii < C 1 *+i*C s **+...4.-C.*«. 

We get 

0="C 0 -»C x +»C,-»C,+. 

i.e., •C 1 +»C t +«C,+.=»C„+ 

=ix2"=2“- 1 . 

Ex. t. Show that 

n Ci+ fl Ct-f* C 8 -f-...+"C M =2*- 1 . 

Interpret this result. 


Ex. 2. Show that in the expansion ol (l— x) n the sum of 
the co-efficients is equal to zero.. 

Ex. 3. Show that the sum of the even coefficients of the 
i terms in the expansion of (l +xf n is 
Ex. 4. Show that 

w . +1=r ■ 


+ . 


1)+ 

9.8. Examples 

Ex. 1. If (l+x)"=C 0 4-C 1 x+C t x*+.C,*- ;* hnd the 

values of 

- (♦) C l +2e,+3C J +/..;..+».C B ; (P. y^ftSO) 

(♦») 3C> 1 " Cb 


+ 


. c t 1 c, * .C*., 

(t) C-f2Ct+3C|4*—— +tr.C w 

\r — ~W~ 

^C n . C,......C W stand for «C 0 i , *C,. n <\. 


v 


• 9 


+.+»• 
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^<*=!te=3 + .+,] 


(«*) 


n(\ +*)<•-! for *=1. 

C, 2C 


+ -n^ + 


i . >lCs 


+.+ 


«.c. 




«Xl 


(if 


( 2 ) 


C 1 C * i £ 

„*j_9 "f”- 1 ) , L(n—1)(«—2)2~ l , 

1 ' 1.2n ' ' I.2.3«(» — 1) + .+ 

“»+(»—!)+(»—2)+.+1. 

=«sum of the first n natural number*** . 

2 

Ex. 2. Find the sum of the squares of the co-efficients in 
the expansion of 

Here we have to find the value of 

V+V+V+.+(V S 

We have (l+*)»*C 9 +C J z+C 1 * 2 -f 

Also by reversing the order 

(l+x)*=C n x"+C„„ 1 x*-'+C li _ t x'''*+ . C 0 

«C 0 %"+C 1 x w * 1 +.C* 

because "C r =*C w 

Multiplying (1) and (2) and equating the co-efficients of % 
on both sides we get 

V+V+V .-f C„ 8 =co-efficient of x* in (1+*)"(!+*)" 

i.e. t in (1+*)*». 

I2n 

Hence the required sum= ,n C»= —— . 

\n [n 

(Ex. 1. Art 9.6) 

El. 8. Find for what value of n the co-efficients o^ 
second, third and fourth terms of the expansion (1 +*)• are in 
A. P. 

Here the co-efficients of the second, third and fourth terms 
are-C ' 7 ,K V K,U.* *(*-') <*-* . 

They are in A. P. if a(n—1)=$n(n— l)(es—2)4-# 

6#-6«**-3#4-2-f6 [7*5*0] 
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i.e., if »*—9w+14=0 

n= 2 or 7. 

But 2 means no 4th term. ,\ »=s7. 
i EXERCISE XL 

1. In the expansion of (a+z) n , what term from the 
beginning is : 

(») the fifth term from the end ? 

(**) the rth term from the end ? 

(Hi) the (r-j-l)th term from the end ? 

2. If C f denote the number of combinations of * things 
taken r at a time, show that 

Find the value of : 


3. 14 CtH- u C s -F ,4 C 8 4-.”C 14 . 

4. «C I+ «C 8 -f«C 5 +.«C M . 

5 . ^+“ 0 ,+^+. 

• If C 0 * C v C 8 .C* be the co-efficients in the expansion o'f 

\t+#)», hnd the value of: 

3 Co+2C 1 -f-3C 1 +.+(n+l)*C,,# 

7* C 0 -f iCj + JCj-f-.+^jfy (Q, 1947) 

8. CjCj-fCjCg-f-.-fC B _ jC„. 

9. CoGj+LjCj-j-CjC^-f-.-fC„_jC„. 

10. Find the rth term from the beginning and the rth term 
* from the end of (y-\~‘2x) n . 

It. Find the (n-fl)th term from the end in the expansion 

of j *- 1 3 " 

( * J • 

12. If p be the sum of the odd terms and g the sum of 
the even terms in the expansion of (*-f a)* prove that 

(i) *•-*■«(*»-*•)■ 

(**) *fiq = (*+ a)**-(x-a)'\ (H.SB ; P.U. ; D.U.) 

13. Find the general terra in the expansion of (x+y) n and 
the sum of the squares of the co-efficients in that of (1-fa?)*, n 
being a positive integer. 

♦Greatest Co efficients and Terms 


# 9 9. Greatest Co efficient. Since the co efficient of s' in 
the expansion of (1 -f*)" is W C„ it follows that we have to find 
the value of r for which ”C, is the greatest. 
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or 


The various binomial co-efficients are 
*f »C *f 

v -'0» v l» '-'2* ^3. 

n —1 n —2 
n- 


i (»—1) 

1, n, 


The multiplying factors », 


2 ' 
«—1 

2 


3 ’ 


3 


etc., which convert 




each co-efficient into the next, gradually decrease and the co¬ 
efficients themselves increase steadily only so long as the 
multiplying factors exceed l,and begin to decrease steadily 
as soon as . the multiplying factors become less than 1. But 
since M C f ="C n _ f , i.e., the co-efficients equidistant from the 
beginning ard end are equal, it follows that 

(j) the greatest co-efficient'is the middle one when n is 
even and is given by r=\n, and that 

(ri) there are two equal greatest co-efficients when n is 
odd ; these are two middle ones given by 1) or $(»-{-1)* 

.Ex. 1* Find the greatest co efficient in the expansion of 

(1+*) 10 . , e 
Here »=10, therefore for the greatest co-effl ient r=|«=5, 
so that the greatest co efficient is involved in the 6th term and 
is equal to 10 C 5 =2.^2. 

The same can be proved independently as follows : 

Let the greatest co efficient occur in T r+1 . 

The co-efficient of T r+t is 10 C r and that of T f is 10 C r _, 

10.9...(10—r-f2)(10—r-fl) ^ 10.9.(10-r-f2) 

1.2. (r-l)r 

. 10—r-fl. 

t.e. t if--- 


If 


1-2.(r—I) 


1 


^ i e., if 11 ^2r or r<5$. 

Now as r cannot be equal to 5$, therefore 10 C f is never 

equal to lOC^ and so long as r< 5J, 10 C r > 10 C f _ 1 . 

Hence up to the value 5, the co efficients continually 

increase, the greatest of them being given by r—5. # 

EX 2. Lind the greatest co-efficient in the expansion ox 

Here n= 11. therefore for the greatest co-efficient 
r=i(Il—1) or 4(11 + 1), i.e., 5 or 6; so that the greatest 
co-efficient occurs in the 6th or the 7th term and is equal to 
i*C,» u C # ^462. 
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The same can he proved as follows : 
The co-efficient of T f+1 ^ co-efficient 

“c, **“<:,_* 


.. 11-r+l 

t.e.. it - 

r 


of T„ 


i.e., if 12^2rorr<6. 

Therefore so long as r<6, u C f > ll C r _ 1 and when r=6, 
ll C r _ 1 =t 11 C f i.e., the co-efficients continually increase up to the 
value r=6 when they become equal. Therefore the greatest 
co-efficients occur in the 6th and 7th terms. 


*9.9 1 . Greatest Term. The method is the same as given 
in examples of the previous article. 

Ex. Find the numerically greatest term in the expansion 
of (2—3x) 7 when 


Here T f+1 s= 7 C f (2) 7 ~ f '(3tr) r (numerically) 
and „ ) 

Now T, +1 ^T f 

if 

i.e., if Zzr± . ? (3a;)^2 


i.e.,it 3(7—r-fl)^2r.since x=l 

i.e., if 24^5r, or r 

So that the terms continually increase up to t =>4. 

the greatest term for x~l is T 6 — 7 C 4 (U) 7 ^ 4 (3^) 4 =s22680. 

EXERCISE XL1 

1. Find the term or (terms)'with the greatest co-efficients 
in the following : 


{*) (1 —3x) 6 '; (it) ;(m) ( *«+ 


1 


2. Find the greatest term in the expansion of: 

(t) (5x+4) 7 when * = 1, (ii) (1 +x) 10 when *=f. 

>8J Find the numerically greatest term (or terms) in the 
expansiori of 

(») {\—2x) b when ; («) (2-f3x) 7 when *«=* ; 

(«tt) ( w ^ en ***!» y=2. 

4. Find which is the -greatest term in the binomial 
expansion of (3-f-2r) 7 when *«■}. 
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CHAPTER X 

BINOMIAL THEOREM 
Any Index 

10.1. We have already proved that when » is a positive 
integer, then 

(1 +x) n = tl C 0 + n C 1 x+ n C 2 x?+ . + n C f x r + - + n C n x n , 

->+.*+«?=»,,+ . 


The process by which we established the above expansion 
clearly shows that it is true only when n is a positive integer. 
The case when n is not a positive integer or, in other words, 
when n is a negative integer or a positive or negative fraction 
has not been covered so far. We shall merely state what the 
theorem becomes in that case, the proof being beyond the scope 
of the present work. 

10.2. To state, the Binomial Theorem when the index n is 
not a positive integer. 


( 1 +*) 




, n(«—1). . . (*—f+1) « _ . 

+-:- — - J-j x r + ... to infinity, 

provided that the numerical value of x is less than unity. 
Properties. 

i. It may he noted that this series extends to infinity . For 
in order that the series may stop at some stage n—r-f-1 must 
vanish, i.e., 1, for some value of r. 

But r is always a positive integer. Hence n-4-1 or n must 
also be a positive integer if the series is to stop. We concluded 
therefore, that when n is not a positive integer, the above ex* 
pansion extends to infinity. 
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2. The general term in the expansion of (1 +*)• is 

»(* —1).r+1) „ - , , , « , 

-r- x r and not n C T x r , because when n is not a 

\J_ 

positive integer, n C f has no significance. 

1 3. The condition that the numerical value of x must be less 

than one is absolutely essential . - For, if it is not so, the series 
is not convergent and absurd results follow. For example, 
expanding (1— *)— 2 by Binomial Theorem, we get 

(l-y)~«=l-K-2)(-a:)+ ( ~ 2)( ~^-- 1 -(-x)»,+. 

=1 +2x+3x *+. 

Putting x equal to 2, we have 

( —l)- a =l=l-b2.2+3.2*+. 

which is evidently absurd. 


and to 


Similarly whenever x is numerically equal to or greater 
*than 1, the expansion may be invalid. 

10 3. Expansion of (l+x)~“*. To expand (1+*) 
find the general term in the expansion (— 1<*<1). 

By the above formula 

( 1 +*)-"= l+(-n)s+ ( ~ n) [~”~ —**+ 




i-»+ 


The general term T f+1 

_(-«)(—w—1)...(—n-r-Fl^ 

jjT 

Cor. (j 1.the general 

__ , n(n+), l)T-in-») f 

term being —-'-- —\~ r 


i.e., n{n+ ') {n+ ^ ( ” +f —[v (- 1 )*'-!]. 
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intermediate axgebea 


Note .—It may be observed that when x is positive and n 

is negative, the terms are alternately positive and negative 

but when x and n are both negative, then the terms are all 
positive. 

The following particular cases of the above expansions 
which can be easily deduced should be remembered : 

(1_X)-1=:1+ X + X *+.+ X '+. 

(t ~'X) —2 =i-j-2x+3x 2 -i-.-h{r-{-t)x r -f. 

-(i—»)-*- 1 +ax+ex*+. + (LtiMLL 2 ) x r + . 

(1+X) — * = 1—X-f-X ! —.+ (—l) , X r -f-.„ 

(l+x)- 2 =l—2x+3x 2 —.+(—l) r (r+l)x r -j-... 

(1 +x)-*=l -8 i-p6x «-_ 

10.4 Expansion of (x+a) n . When the index » is not a 
positive integer, it is desirable to reduce every binomial to a 
lorm in which the first term is unity and the second term A 
numerically less than unity. Thus (a-f *)» should be put in 

the form of a” ( 1 + —) w or *'(l+-£-)* according as a: is 

numerically less than or greater than a, i t., according as xja is 
numerically less than or greater than 1. 


EXAMPLES 

% 

Ex. 1. Expand to four terms the expression (3— x)~* when 
* is positive and less than 3. 

X 


is less than 1, and therefore ex- 


Here x being less than 3, 

y 

pandirg ft by the Binomial Theorem, we get. 




+ 


(— 2 )(— 2 — 1 ) 7 — 2 — 2 ) / * 


1.2.3 


(- f) +.] 
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1 r 

~ s[, 1+ 


I x+ b i+ £ x3 + 


1 . 2 1 4 

-y + 1Z7 A:+ -27" H ^' 3+ 


Ex. 2. Use the Binomial Theorem to expand (1—a:+x 2 ) 4 
m ascending powers of x. * (p. u. 1944) 

(l -*+* Y=(-J-J^) 4 =(i +*Y(i +x)~* 

= (l+4* a +6i 9 4.4^+* la ) x- 

[ l-4, + r^,a + (-4)^ M ,3 + .J 

= (l+4* 3 +6z 8 4-4* u +xi 3 )[l-4*-fl0* 3 -20x 3 +35* 4 4-.1 

={1-4*41 U* 2 - 2U* 3 + 35** ...) + (4* 3 -16z 4 +-.) 

=1—4*4^1U* 2 —lt>* 3 4 -ly* 1 4 -_ 

l ^ 6 ** rst ne S at4Ve term 4n t ^e expansion of 

(1 +3*J 4 , where * is positive and less than |. 

Let r rn be toe first negative term, so that T r is positive. 
In the expansion of (1+*)", we have 
T ,^«{n—l)..,(„ -r-fl) ar 


_**(>*-■) . («—r+2) »-r+l 

. |r-l~~ * r *' 

— T ”~ f+1 v 

- 1 r* ■ y X 9 

Tf+i is the first negative term when n—r-fl is first 
negative for the smallest value of r. 

In this case V}*— r-{-l=4£ —r is first negative for the 
smallest value of r, when r i-> an integer just >4£. 

Hence when r= 5, we get the first negative term the 
sixth term is the hist negative term which is : 
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EXERCISE XLII 

1. Expand to 4 terms : 

(*') (x—a$(x>a). [ii) {a — x i )^(x i <a). 

[Hi) (*>!)■ ( iv ) 0—2*) H x <h )• 

2. Find the cube root of (8+x) 4 to four terms when 

(j) x<8. ( ii ) x>8. 

Find the co-efficient of x 12 in the expansion of 


3. 


( 


a 3 — 


4. Find the general term of (l-f2g) K When is the 
expansion valid ? 

Find the first negative term in the expansion of 

(») (l+3z) J *. (ii) (1 +5x*fi. 

(Hi) (H*p. i . ( V) (1 + fx)^. 

6. Expand (1 —x)-* into a series by the Binomial Theorem. 
When isThe expansion valid ? Check the validity of 
the expansion wh n \, 2. (K. U. 1951) 

. Applications 

10.5. To apply the- Binomial Theorem in finding apfiroxH 
\ mate values of certain expressions . 

mim—1) n(n — 1)(m—21 

(1+*)*=1+**H-rr~ **+ -- 1 ~ -**+ 


5. 


I 




I * ^ 

Now if x is so small that its second and higher powers can 
be neglected, then obviously from above (\+z) n =\-{-nx 9 ap¬ 
proximately 

But if x 2 is not negligible and the other higher powers of 
x are negligible, then 

(1 -fx) n =l-{-«sH- ^ x l , nearly ; and so on. 




It is clear that the larger the number of terms taken the 

better the approximation. 

Ex. 1. When x is small show that 

(l+3x,*+(l+5*)in * 


1 
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Neglecting square and higher powers of x, we have 

(!+«)* + ()+2*)* _ (l+jx)-Hl-js) _ 2+jx-kx 
(l+3*)i+(l+Sa:)^ 1 + !*>■+1 1 +10*; 2+lx + tx 

_ 2 l 


*1 

i 

. i 


I 

t* 

t. 


2-\~x 


(■+f) 


-('+*) 


-l 


= 1—- nearly. 


Ex, 2 . If x be so small that its squares and higher powers 
are neglected, show that 




»: 


’ (9+7s)* -(16+3z)* = ± _ _17x 

4 4 - 5a: 4 334 


ti 


7x ^i 


L. H. S. 


(H-?) -(' + £■) 


I • 






— 1 




K>+$ •)(*-•?) 

103 


neglecting ** and higher powers. 


:i 


4 \ 1+ 9tf 4 J 4 384 ' 


El. 3. Show that _r P _-I • 

approximately when p is nearly equal to q. 

Let p~q+h, so that h is small. 


if 


(P. U. 1950) 


1 ! 


t 


J 74 
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(n+\)pM«-\)q_(n+\){q±h)Mn-\\q 


*( i+ 




2 n 
n-M 


) 


(n— \)p-\- \n-\-\)q {n-\)(q+h) + [n + \)q 

« + l h \ / , . n—\ A v 

* q A + 2 ;T ' q 

A _ « — 1 A 

q 2n q 

1 A 


— 1 )A 


2 /i 


« — 1 A 

2n“ * + 


) 


1 + 


« + l 


2 n 


+ 


1 A 

1 +- . „ + 

« g 


=1 +* 


nearly. 




k 


nearly. 

q / - L gj * 

Hence neglecting the square ard the higher powers of 


</>—?), we have 


(*+!)£+(»—l)*r^ 


=£-£ J approximately. 


{« — 1 )£+(w + 1 )? L. ^ 

Ex. 4. Find the cube root of 999 to 4 places of decimals. 

i A 


(999)i=(1000— l)*=[l000 [l~~\ ] 


i— 1 ^= 


* 


=( 1000)^(1 —- 001 ) 

=10[ l-i(001)+ ^|~ 1) -(--001)« 


+ M . ' KL 2 I ( _,ooi).4- ^ 


■001 


(•QPV000001)4-.] 


=10{l —00033 - 0000001 .}= 10[1 - 00033] 

=9-99b7. 


♦ » 




_ because 

bftiecimals, 


I 
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Ex. 5. Find the cube root of 126 to 5 places of decimals. 
(126)* =(125+1)* +[125(1+,4,)]* -(1+-00S)* 

=5 [ 1 + A, x-008+*!+!' (-008)= +.] 

=5(1 + 0026666—J X '000064+. ] 

—5(1 0026666--000007+.] 

- 501363 3 - *000035=5*013298 
—5 01330, correct to five decimal places. 

Ex. 6 . Approximate division. __ Divide 4831 by 996. 

4831 -7-996=4831 -f-(l000—4)=4831 -4-1000^ ) 

=4"831 (I — *004)— 1 
=*4-83! [1+*004 4--00O016+.... 

=4*831+ 019324+. 

=4 850 

a result which is correct to 3 decimal places. 
EXERCISE XLIII 

When x is so small that its square and higher powers may 
be neglected find the approximate value of 

1. (8+4*)* (16—*)* . 


) 


* 


2 . 


(l-+r+(l + S.) ! „ „W4. (l -3.)t 

-O.-^- -l 

(i+5AT+(!+3*)* 


( 1 -x)* 


4. If x be so small that it* square and higher powers can 
be neglected find the value of : 




() < 1 —3*)*+(l=»)& 
(ii) (!+*)*+(! -x) 3 

(l+*)*+(l-*)* 

,'4—x 


IQ. 1944 ) 


[Q. 1946 ) 


r# • • « 


* - » - 
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6 . Use the Binomial Theorem to find the value correct to 
3 decimal places of : 

(i) 5758—997. (it) 7'821+Hj02. 

(iii) 5‘Z31+(0-y96) 2 . 

7. If the squire and higher powers of the difference -? 
between * and unity can be neglected, show that 

mx m —nx n = {m—n)x m + n nearly (P. IJ. 1925) 

8 . If the square and higher powers of the difference 
between m and M can be neglected, show that 



M 

m 


M 


, m + M * 

_ + __- nearly. 


m -fM ' 4m 

(Hint. Put M=m 4 -/t. so that squares and higher powers 
of h can be neglected The left-hand side is then 

A < , h 


side. 


2m 


Similarly simplify the right-hand 


9. The side of a cubical block is one ft. at 40°C. When^ 
the block is heated to 4l°C, the side becomes 101 ft. Find 
approximately the cubical expansion. 

10. A cubi:al block is immersed in water and it is obser¬ 
ved that the water displaced is 999 c.c. If the actual volume 
of the cube is 1000 c c. find the experimental error in calculat¬ 
ing the side of the cube com ct to three decimal places. 

11. If x be so small that its square and higher powers are 
neglected, then 


12 . 

18. 

(0 


(9+7*)* — (16+3*)*_ 1 __ 17* 

4 


4+5* 


364 


(P. U.) 


Evalute t'-sr correct to 3 places of decimals. 


Find the value of 

&3U8. («•>) [ H -~- ]*. (»'«'0 (-958)“*. 


correct to 5 places of decimals. 

14. By the use of a binomial expansion evaluate (1 # 006) M 
correct to 5 places of decimals. 

15. Find the value of ^1 998) 7 correct to 4 decimal places. 
18. Find the cube roots of 1002 and 126 correct to 4 

places of decimals. 
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| ■ 

i7. rsy using the expression I--)*; show that the 

14 > 49 / 


value of \/3 is approximately 


14 
19011 
10976 


[Hint. Take first three terms of the expansion.] 

18. Obtain the value of the cube root of 2, correct to five 

places of decimals from ~ ( 1+yj^-^ ( p U. 192 8) 

19. Apply result of Ex. 3 page 173 to get approximately 

1Q1 

the seventh root of (P. U. 1950) 

20. Find to three places of decimals the cube root of 998. 

(H. S. B 1951) 

♦Further Examples on Binomial Theorem 


Ex. t. From what term will the terms of (1— x)* 
the same sign, x being positive and < 1 ? 

• 

In the expansion of (1— x)", we-have 


have 


«—r-f 1 

T r+1 = —--(—*)T,. 

The two successive terms T f , T r+1 have the same sign 

when -(— x) is positive. Since x and r are positive it 

requires that n— r+1 should be negative, so that 

-j — r+l<0or r> — . 

i.e . r is an integer just greater than 2$. 

Therefore the third and all the subsequent terms shall 
have the same sign. 

Also as T t =*- $- 0 - — (—*)*, a positive quantity ; there- 

fore the sign of the third and subsequent terms shall be posi¬ 
tive. 

Ex. 2. Find the co-efficient of x n in the expansion of. 

(xis+ve and <1.), 

I 1 ~ X ) 
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(1 -f*) 2 —1 4-2a-f* 2 

(l-.r)- 2 =l+2x+3* 2 -f +(r+l)i , +- 

= I +p 1 x+p 2 x*-i- .. +p r * r + ...say where p,=r+l. 

(l-Kr) 2 (l-x)- 2 =(l + 2a:+:r 2 Hl+/'j*+/>2x 2 +.) 

Coefficient of x u 

=pn+2pn-i+p*-2» Pn being the co-efficient of x n in 

(1 —a;)—^ 

= (»+1)+2*+* - 1 =4». 

15 15 21 15 21 27 


ft. 3. Identify the series l*f~ + ^ 


16 + 8 


16 * 24 


. as a binomial expansion and hence find its sum. 
1 et the given series be identical with (1+*)" 

n(n-l)x 2 , 

1 rrx-\-~ . .. 

Comparing this with the given series, we get wx=Y 

and j2 8 * 16 ' 

Dividing (it) by the square of (i) we have 

n(n — l)i a 15 21 / 8 • 2 

= 8 18 


•(*') 

(»•») 


ir*S 

5 \15 / 


or 


n — 1 


2 n 


2 Jl *L 

“16 ‘ 15 = 

5 15 

From (t)— - *= j7- 


7 i 7 

-_ or n —I = ~ tt 

2x5 5 


n = — 


Hence the given series is the expansion of ( 1 — ) 

and can be written as 

'+(-4)H)+- ( t ?"'V t>'+. 


a 


and its sum is ^ l—j-) * s=s(4)^=32 


* 


Ex. 4. Show that - , 8 

1 1*/ (y) + ... to infinity 

(P. U.) 


1+ « + 


l 2 


V 3 


is equal to y/ 3. 


i 
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Let the given series be the expansion of (l -f r) M , where n is 
not a positive integer. 

We have 

, >■(* — 1 )(* - 2 ) ^ 


(1 +*)"= I -f*«x+ 


j 2 




3 


Comparing this with the given series, we get 

l \* 


and n(n— 1)* 2 ==1.3.^-) =i 


( 1 ) 


Sq aring ( 1 ) and dividing the result by ( 2 ), we have 

n 


=$, t.e., 2 w= —1 or ft— —h. 


«) 


t 


(P.U.) 


w-1 

from ( 1 ) %=— 5 . 

Hence the given series is tin* expansion of ^ 1— 

k ' which Incomes“= (3)' = \/3. 

- c T/ 1 13 135 i-3.5.7 . 

Bx. 5 . If y— gj“+ >.*+3.6^+36.9.12 *'"■ .°°’ 

prove that y a +2y—2=0. 

Adding 1, we find that y-j* l is equal to the series given in 
Ex. 4 which has been proved equal to. *Z3. 

/. y+l=*/3or (y+l) 2 =3 y a +2y-2=0. 

|Note. It may be remarked that all series cannot De identi¬ 
fied as binomial expansions. 

EXERCISE XLIV 

1. From which term will the terms of the following ex- 
pansions have the same sign t Give the sign in each case. 

(*) (»*) (»»»') (!-*)**• 

2. Find the co-efficient of *" in the expansion of 

(1 +* )S lii) 

( ) n—«)■ 


(P.U.) 
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2. Write down the expansion of (1+*) 2 * where n is a 
positive integer and show that the sum of the co*efficients of 
the odd terms is 2 2 *- 1 . 

3. In the expansion of (l-f*) m+n , where m and ware 
positive integers, prove that the co-efficients of x m and x n are 
equal. 

Obtain the first four terms in the expansion of (1—4*)*. 

4. Find the term independent of x in the expansion of 


<*+ IT 

5. Write down the first four terms in the expansion of 
(1 -f x)^ in^ascending powers of x. 

6 . Find the co-efficient of x 1 in (1—5*) 

7. Find in its simplest form the general term of ( 1 —s)" 4 . * 
Find the co-efficient of ** in the expansion of 

8 . If in the expansion of (l+x ) 2 " +1 the co-efficients of 
% r and x nrl are equal, find r. 


9. Show that 
(!+*)"»= 



10. Find the co-efficient of ** in the expansion of ~ • 


11. Prove that the co-efficient of x” in the expansion of 

( is 4» . (*<1). 

M —x / 4. 

Point out an exceptional case, if any. ^ ^ 

12. Find the term independent of * in ^3 * 2 ^ ) t 

Find the co-efficient of x"in the expansion of 

3x 2 —2 


x+x* * 

13. State the Binomial Theorem for a negative or frac¬ 
tional indexv _ . 


I 
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11 . Prove that : 


1 


.. 7 / I ,13 1 ,1.3.5 1 

(,) T\ 1 + 10 s+ O‘ U? + 1.2.3 "Ui s+ " )-^ 2 - 

, , I , 1.4/1 \ 2 , 1.4.7 / 1 \ 8 i 

(«) 1+-4 + ) +Ta~( 4 ) + . =(4) • 

« 4 « A ^ 


12. Show that 


40 160 


81 


243 + * 


13. If x be so small that its cube and higher powers raav 
be neglected, prove that 


« 


(1 +(16+8r )* = , 

'*+( 2 +*)* 


4 


23 


(»•) 


( 1 +*) 
'(*4 


40 


(P. U.) 


9 

2 ( 1 + 




9 
16 


•)' 


307 

256 


14. If x be nearly equal to 1 , show that 

ax b — bx a 1 

= 1 ~ nearly. (Q. 1951) 

REVISION QUESTIONS IV 

*. (a) Expand (1 —x) n in powers of * when n is a nega¬ 
tive integer. Can we put«=-l, :c =2 on both sides of the 
identity ? 

(/;) Find the . co efficient of r 8 in the expansion of 
(l+x-fx 2 )- 3 . 

(a) Sol. We have 

• Here n— — l is possible but x cannot be 2. The reason 
for the latter case is that the series on the right hand side for 
s=2 is not convergent. When 3=2 and #=—1 every term on 

: the right-hand will be seen to be positive whereas left-hand 
;; side=(l—2 )~ 1 =—1. The equality therefore will become absurd. 

* (6) [Hid : (l + , + ,»)-®=(l^)^„_,,a (1 —,3,-. 

i =(l-3*+3^-**)(l_*»)-a 

; the co-efHcient of 3 * can be seen now to be 3 . 



CHAPTER XI 

PARTIAL FRACTIONS 


11.1. The student is already familiar with the process of 
simplifying a rroup of fractions connected by the signs of 
addition and subtraction to one single fraction. We shall now 
deal with the converse process of decomposing a given fraction 
into a group of simpler fractions each having for its denomina¬ 
tor one of the factors of the denominator of the original frac¬ 
tion. These simpler fractions are called Partial Fractions. For 

example 

2x-3 11. 

(*-l)(*-2)“ + x—2 1 



—!—- are partial fractions of 
x—2 


2x-3 

( X ~1)( X 2 )* 


tt.°. For the sake of brevity and convenience we shall 

introduce the following notation : 

We shall denote any one given algebraical expression of 
x by / (*), and its value for x=a by f(a ). For example ; if 
x 2 — 2x+5 is a given algebraical expression, we can denote it by 
fix) and say that f(x)~x 2 —2z+5 ; the value of the expression 
for shall be denoted by /(3), i e , /(3)=3 2 —2x3-f 5=8. 
Similarly if there be two different algebraical expressions, we 
can denote one of them by f(t) and the other by F(x). Thus 
f(x) and F(*) will be two different algebraical expressions. Simi¬ 
larly suitable notations may be used whenever we have to deal 
with more than two expressions. 


x 2 — 2x4-3 

Ex. 1. Show that if /(*)=—-* 

then f\?) =§ and /(4) =Y. 

2* a 4-3 

Ex. 2. If/(*)=3*M-1 and F(x)*= -> 


then/(1)=4, and F(l)=|. 

Ex. 3. If /(*)=* 8 -fx-f-l, show that f(\+y)=3+3y+y % - 
Ex. 4- If fl.y)=l +v* show that 
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11.3. To find out the partial fractions when the denominator 
consists of only linear non-repeated factors. 

Whenever a given fraction is to be broken up into partial 
f fractions, the first essential step fs to see whether the degree of 
the numerator is lower than that of the denominator. Incase 

the degree of the numerator is not less than that of the deno¬ 
minator, the numerator must be divided out by the denomina¬ 
tor till the remainder is of lower degree than the denominator. 
Thus the given fraction reduces to a simple quotient and a 
fraction whose numerator is of lower degree than the denomi¬ 
nator. The quotient is left as it is and the remaining fraction 
is broken up into partial fractions. 


Ex. 


i o i * 2 -f2x+4 
1. Resolve -— 


into partial fractions. 


<z—1)(*-2) 

Here the numerator is not of lower degree than the deno 
* minator. Therefore dividing out, we have 


* 2 +2*-f4 s 2 +2*-f-4 


(*-!)(*— 2 ) 
Now we shall break 


Let 


5*-f 2 

(*—!)(%— 2 ) 


' * 2 —3*-j-2 
5%+2 

A B 

+ 


=1 + 


5*-f 2 


(*—!)(*— 2 ) ‘ 


into partial fractions. 
A(*-2)+B(*-l) 


x-1 r x-2 
.\ 5#4*2=A(x— 2)-fB(*—1). 

In this identity putting z= 2 , we get|B=12. 

Also putting x—\, we get A = —7. 

. . *H2*+4 _ 7 12 t 

Note, It may be observed that. if we suppress the factor 
x— 2 from the fraction and then put *=2 we get 12 which is 
the value of B. Similarly we get the value of A. 


Ex. 2. Resolve 
We have 


*—2 

6* 2 -7*+2 


into partial fractions. 


*—2 x—2 

6* 3 “7*-f 2~ (2*-l)(3x~2) 
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Let _A_ B A{3x—2 ) +B(2x—l ) 

(2x-\)(3x-2) 2x-l " l "3*-2 a= (2x-\){3x-2) 

Then x—2=A('3x~2)-\-B{2x—\) 

Putting x=£, we have 

i-2=A(5-2)=^^A. A=3 

Also putting x=\ we have 
S—2=B(S—1)=4B, B = -4. 

x—2 x-2 _ 3 4 

6x*-7x+2 ~ (2x-\)(3x-2) 2x—\ 3t-2* 

_ 0 D . 4- .-u »• 2)(*—3) 

Ex. 3. Resolve into partial fractions ..- cT ;—- 7 ^. 

(jp—4)(%—5)(«—6) 

Here the degree of the numerator is the same as that of 
the denominator and therefore we have 


(s—_H(*— 2){x- 3) , A B . C 

(a:—4)(a:—5)(x—B) x—\ 5 ' x—6 

(or—1 )(^—2) (%—3)=(%—4)(a;—5) (^r—6) +A(x—5)(a?—6) 

-{-B(x—4)(z—6) +C(^t:—4)(a:—5). 

Putting z=4, we get 

3x2x 1=A(—1)(—2) i.e. A=3 

Putting %=5, we have 

4x3x2=B.l(—1) B=—24 

Again putting s=6, we have 

5x4x3=Cx2xl •*. C=30 

3 24 , 30 

Hence the given fraction =1 -f —4—'^5 + '^ZT6‘ 

*11.4. General Casa. To find out the partial ft action cones - 
ponding to a linear non-repeated]actor in the denominator . 

Let the given fraction be 

/(*) 

(*-<i)F(s) • 

where F(%) does not contain (x-a) as a factor and consequent¬ 
ly F(#) does not vanish for x=a and when the degree of the 
numerator is lower than that of the denominator. 


Now let 


f(x) _A_ RW 

(x-a) F(*j “ F(x) 
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A being independent of x. 

Hence _iM__ _ AFf*)4-(x—a)R(j) 

(x-a)b'w (x-a)F(x) 

or /(*)=AF(a:)+{*-a)R(*). 

This is an identity and therefore true for all values of 
the variable * ; putting x=a, we get 

/(a)=AF(a) i.e., A=4~ ■ 

the partial fraction corresponding to (x — a) is , 

(x—a) 


where 


a =4! a) 


F(a) 

Hence the rule to find A is : 

Suppress the factor {x—a) from the fraction and put x—a 
in every portion of the fraction. 

Note .—The partial fraction corresponding to the non- 

A 

repeated linear factor (x—a) in the denominator is > 

where A is independent of x. 


Ex 1. 


-1 1 


+ 


+ 


-2 


(*-l)(-2).l 2.(z-l)3 ^ (-l)(-3)(*+2) 

_i __+ _j_ _ 

2(*+l)^6( ; r-f) 3(%+2j'' 


X 


2 


Ex. 2. Put into partial fractions ^ 

(x-l)(x-2) 

Here the numerator is not of lower degree than the deno¬ 
minator. Therefore dividing out, we have 

% % , :*x-2 _ t , 3ar—2 

* I " o.. I n * » 


(*-!)(*- 2 ) 


H 


**-3*+2 

3-2 


2 ) 


6-2 


(ar —1)( —1) !.(*—2) 




1 +■ 4 


X~\ x~2 
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I 

»] ^ X * 3. Put into partial fractions 


’s 


(* 2 +lj(z*+4) • 

•y H 61 " 6 since all powers of x are even, 
it let us put x*=x, so that the given expression becomes 

z 


{z+l(z+4f 

We, now proceed to put this into partial fractions. 

_ z _=^L+_ 8 _ = A 1 2 + 4 )+B(z+1 ) 

(z+I)(Z+4) * + l z+4 (*+Ij(3r-P4) 

'*■' ' 2 =A( 2 +j)+B(z+ 1 ), 


i, Let 


» • / - « I - / • 

In this identity comparing like powers of z on both the 
sides we get 

1=A+B, 0=s4A+B 

!■ *'• 1 = — 3A or A——J and B= —4A=J, 


so that 


1 


(*+l)(* + 4) 


—hxr+l 


l 


2 + 1 8 *+ 4 


Hence 


x 


2 —I_L + 4_L -1 / 4 _ 1 X 

+J ‘ 2 + 4 * \* 2 +4 S*+lA 


(* 2 +l)(* 2 + 4) 8 * 2 + i r3 *2+ 4 

EXERCISE XLV 

Decompose into partial fractions : 

*+l 


1 . 


8 . 


{ 2 —*)(*—3) 
* a +3*-3 


(H. S. 1951). 


2 . 


7#+5 


(*—l)Cr+2j 


4. 


3 — 4 #— S * 2 —# 3 


3*2+4#+!* 


6 . 


3*2_5*+l 


f*+3)(*+2) 


5. 


1 +*+ 2 *» 


9. 


#—2 


- ♦ 


7. 


2z s +l 


*(*+l)(JS*+l) 


8 . 


2* 3 +7# 2 —2*—2 

. __ 


(l-* 2 )(l-2*) • 


2* 2 +3*+1 2* 2 +*—6 

10. 12*2- 3Qy+i9 


l )(2#—3)(3 jc—5) 


11 


(#2-l)(*-2 


12 . 


26* 


4 Q___ 

(#—a+ 6 )(*f— 

,.2 


\x-a)[x-b)(x-cf' 

14 **+4r+l 


1& - (x—!)(*—2)(x—3) • 


« 6 . 


2* s —10x-fll 


(x- l)(*-2)|x-3)(W4 
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(j+atL). [m "‘ ; 

11*5. To find the partial fractions when the denominator 
contains a linear repeated factor. 

The following examples illustrate the method. 

2x 2 

Ex. 1 . Resolve--»— r - into partial fractions. 

Here (x— 1 ) is the linear factor repeated three times in the 

denominator. 

let 2 * 8 A B c D 

& A(x-\)*(x+\) + B{x-l)(x+l)+C[x+ l)+D[x-l)* 

** (*—l) 3 («i-l) 

.% 2**=sA(*—1) 2 (%-H)+B(x—l)(*-f-l)+C(*+I)-fD(*—l) 3 

In this identity putting x = —1, we get D = —J. 

Putting x—\, we get C=l. 

Comparing co-efficieDts of x 8 and the constant terms we 
get o=A-f D and 0— A—B-f C— D 

whence A=—D=~ and B=A-f-C—D——+1 

4 4 4 2 

2%» 13 11 

•'* (*-l) 8 (* + l)“4(*-l) + 2(*-l)* +(*-lj» \(x+\) 

Another Method 


Put x— l=y, so that x=l+y. 

it 2(1 +y)» 2-f 4y-f2jy* 

Hence the fraction* =—g~-—— 

y‘(y+^) y’P+y)- 

Let us carry out the following process of division 

2+y f 2 tt y+ '*( '+3y+iy' 


2 +y ' 

3>+2y* 

Sy+Sy* 

& 


-iy* 


2+4y+2y 2 


3 

2 


2 +^ 

Hence the given fraction 


= 1-1-7 -y+ -rZ-V/i y 


2 

4 


4(2 +y) * 


4 L ■+ 


3,1, y z 
2 4 y 4(2+y) J 


1 . 


_ 1 3 1 11 J 
“"5?"+2 ‘ y* + T 4 


1 


1 


+ 


1 


1 


(2+y) 

l 


l 


l 


JL M • 

(* —l)*" r 2" (*-l) 2+ 4 (7^T)~4 {*+1) • 

It may be noticed that we stop dividing at the stage 
where the remainder is divisible by y 8 . 

Note .—It may be remarked that the first method given 
above is more useful when the power of the repeated factor 
is not large. In case it is, then it is advisable to follow the 

second method. 

Ex. 2. Resolve int0 partiaI fractions * 


Let 


(x+l) 8 (*-2) 2 

A B 


=[A(* + l)V-'^+B(* + D(*-2) l 4-C(*-^ 

+D(*-2) (*+1 )’+£(* +' n -H *+ 1 ) 3 (*-2)> 

Hence *=A(*+ l)»(*- 2 )*+B(.t+1 )(*-2)»+C(*-2)* 

+D(*-2)(*+l) s +E(*-M)». 

Putting x=—\ and x=2 successively, we get 

Also comparing co-efhcients 


* + 


D 


E 


C=—L and E= 


9 — " 27 

of s 4 , & and constant term on both sides, we get 

0 = a+D, 0 =—2A+B+D+E 

0=iA+4B+4C-2D+E. 


Solving these equations, 

a —. B=— 

A 27 ' 27 


D= — 


27 
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1 


Thus the partial fractions are 

1,11 11 1 


___ 1 , 2 1 

27.r-pl 27 (* 4 -1 ) 2 9 (*-f-l ) 3 27 *— 2 + 27 (.r-2 ) 2 

Note .—The partial fractions corresponding to (* 

L... are_P<L_ + _ , , C,^ . 

(x-a) r <}>(x) i x-a) r {.x-af “i + . *{x-a )' 

where C 0 , C 1 ,,..C f w . 1 are independent of *. 

EXERCISE XLVI 
Break into Partial Fractions : 


-a) f in 


I x o 4+5 * 

* ( I -*) 2 * ( 1 — ^) 8 


3_ 1 4 5* 2 -4*+6 

* (**-!)*• ' 2(*-2){* + l)« 


5. (Q. 1945). 6. 


7. 


10 . 


18. - 


(*-l )»{*+!) 

**+3* f +5 

(*-l,(*+2)** 

2* 2 +l 

(«-!)(*+ 2)2 
*—6 


16. 


19. 


*’l*+3) 

* 2 4-l 

(%— 2 ) 8 (*—3) 


1 


8 . 


. 11 . 


1 *. 


(*-l) 4 

7*—10 


(3%—•)(*—1)* 
2x 3 4-1 


(*~l)V+2j 

11 


9. 


12 . 


. 17. 


* 4 (*+l) 

* 2 -fl 


15. 


(*+!')(?-!)* 
1 

* 3 (r— I) 

S 3 




18 


(*-2) 3 (* + |) 2 
1 

' (**+*)(**-i)‘ 

(P. U. 1950) 


(* 3 +l) 3 (*‘+3) 


• l Hint - Put *’=<•] 20 - 


(* 2 +a t )*(x ,! +i») ' 


«■ ,949) - 

116. To find the partial fractions when the denominator 
contains a quadratic factor not resolvable into linear factors. 

If a factor of the second degree, say ax*+bx+c, which is 
not resolvable into real first degree factors, occurs in the de¬ 
nominator, the form for the corresponding partial fraction is 

-.wA*+B 

— aafr+bz+c ' 
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and if the factor ax*-\-bx+c is repeated any number of times, 
say, three, the form of the partial fractions corresponding to 
this would be 


A*-fB Cs+D , Er-j-F ’ 

(ax 2 +bx+ c) 3 (ax*+bx-\-c )2 ax*+bx-{-c 
where the letters, A, B, C etc., are all independent of x. 

The methods of finding out the values of A, B, C etc., 
will be best illustrated by the solved examples that follow. 
However, the student will find by experience that he can vary 
the methods. 

Ex. 1, Decompose -——- into partial fractions. 

1 


1 +**=( 1 +*)( 1 -*+**) 

Let — L =_A_ + _ B *+9 

1+** x+l l-*+* s 

_A (1 —C-|-*«)-|-(Br4-nn 4- X) 

1 -far* 

l=A(l-x+x*)4-(Bx-fC)(l +x) 
i.e., T=(A+B)^-j-(B-fC-A)x-fA4-C. 

In this identity, comparing co-efficients of like powers of x 
on both sides, we have 



A+B=0, B+C-A=0, A+C=l. 

Solving these, we have A=$, B=—C=| 

1 I 1 1 x-2 

" T+**~ 3 ’ l+x 3 ‘1 -x+x* 

Note .—Observe that A could have been directly found by 
the mechanical rule of Art. 11.4 or else by putting *=—1 in 
the identity. 

Ez. 2. Decompose ^ into partial fractions. 


Let 


(*'+2)(* , -f3) 

2*+l _A*+B C*+D 

(**+2)(*»+3) x‘+2 *>+3 


(A*+B)(**4-3)+(C*+D)(*«+2) 

(**+2)(* s +3) 
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2x+\=(\+C)x*+(B+D)x*+x(3\+2C)+2D+3K. 

Comparing co-efficients of like powers of x on both sides, 
we have 

A+C=0, B+D=0, 3A+2C=2, 2D+3B=1. 

Solving these we get 
A=2, B=l, C=—2, D= —1. 

2 %-fl 2z+l 


• « 




(* a +2)(**+3)“ * 2 +2 

Note that this is otherwise obvious. 

Ex, 3. Decompose , r into partial fractions. 


Let 


1 


A B*-f C Dz-f E 

1 i — 9. a «> 1 2 I" 


(*»+ 2 ) i (*-l) (x-l)^* 2 -!-'.^ (*»+ 2 ) 

A(^+2) 2 +(B«+C)(y-l)+(D^+E)(^ +2)(»-l ) 

(*-!)(**+ 2 )* 

l=A(x 2 +2) 2 -f (B*-fiC)(*—l)-t-(Dx+E)(* 2 +2)(A:—1). 
Putting *=1, we get 1=9A, or A=J. 

Comparing co-efficients of **, x 3 , x 2 and * on both sides we 
have 

A+D=0, E-D=0, 2D-E+B+4A=0, 2E-2D-B+C=0. 
Solving these equations, we get 

B=—i, C=-J, D=-i, E=-&. 

I 111 je+1 _ 1 x+] 

•’* _ (* 2 +2) 2 l*-l) — 9 (*—if 3 (* 2 +2) a 9 (* a +2) ' 

Ex. 4. Resolve int0 P artial fractionf - 

Putting **=*. we have 

1 _ 1 ..... I_ , 1 

l 2 +a J )(z-ffi 2 ) i*-a 2 ' (r+a 2 ) + a 2 -6 2 (z+i 2 ) 

= (6»—« 2 )*(* a +a a ) + (a i ^i 2 )’(* , +4*)* 

Note.—When all the ppwers of * are even, the least of them 
being 2 , the work might sometimes be simplified by the substi- 

4 ttitfon *****. 


:> >.. .* i 
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7+* 

(i+jcj(i+* , )‘ 

2*+l 


EXERCISE XLV1I 
>artial fractions: 


1-x 


x-l 

(x*+4)(x-2) 

1 


4 - (,-n&+D • ®. 1947 - ,950 > 5 * KiK?=iy 


x-l 

(*+i)(i+*V 

3* 2 +7*+2 


7< (* 2 +2)(*‘+3> 


3* 2 +7*+2 - J._ _ 10 2x*+x+2 

(x~+l)(x‘+2x+5)' (*-l)*(**+l)‘ * (*-2)*(**-*+l) 

1! * (x’+x-2)(i i '-x+2f’ (P- U- 1950) 12 ‘ 

(Q. 1948> 

1S> (*+1 )*(*»+if • 1944 > 14 - (x—2) 2 (x s -f*+4) * 

(Q. I946> 

* 2 +4* 2 +6*+l . »«-H 17 1 

15 ‘ *{* 2 +*+l) " 1 ' **+**+1 ' 17 **+1 

*‘+1 _ IQ **~2 _ 

(* 8 +a 2 )(* 2 +6 a j‘ (**+*+2)(*‘+*+l)‘ 


*+a 


2 °' **(*—a)'(**+«*)- 8l * (l+*)(l+* a ) a ‘ 

on « 3 + * + 1 , 23 i?!±!) 2 . 

22 ’ (*»+l)»(**+2) 8 “- (*»+!)* 

24. By taking * a +l=(*+»)(*-»), put into partial frac- 

tions. 

£& £ 

25. Resolve into partial fractions ^ ; ( ^ -|) ( V + 2 )- 

(P. U. 19461 

Applleatlons 

• • • t 4 I 

* » 4 

11.7. We shall now illustrate some of the appUcatifa ? 4 oi 
partial fractions. 


(!+*)(!+**)* 

(* a +l) 2 


AA ** * * . 09 

22 ’ (**+l)»(**+2) as ’ (* a +l) a 
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Ex. l. 


Sum to n terms the series 

1 1 1 i 

2.3 "^"3.4 "^4.5 ' . 


Here T n 


(n+\)(n+2) 
1 1 


; or putting into partial 




• T — 

• * i— 


n+l 
1 


n- 1-2 
1 


n n- f-1 



fractions 


T 2 = i-J 

TW-i 


•*. adding up, we have the required sum 


be*. 


1 1 
= 2 *4-2'’ 

Note ,—When n tends to infinity the sum is easily seen to 


*Ex. 2. Find the co-efficient of x s * iin the expansion of 
2*4-1 

~ (* is positive and <1.) 


(*-l)(**4-l) 

T 2x4-1 A B*4-C 

(*—!)(** 4-1) x-i + **4-1 * 
so that 2*4-lwiA(x , 4-l)4-(B*4-C)(x— 1). 

Putting *=sl, we get A=J. 

Also, comparing co-efficients of ** and x we have 
A4-B=0, C—B=2. 


Solving these, we find that B=—£ and C= J. 

2s-H _3 _l_ 1 1 —Vx 

(*—!)(**+1) 3 " 2 (i—1)*^ (**4-1) 

the required co-efficient of **". 

*= Co-efficient of x ■» in — S(1— 1 4-A(l—8x)(l+sft M 

■•Co-efficient of *** in —§^1 +*4-.4-* w 4.^.. # ) 

+l(l^3x)[l-** + ^._+(-i)V.] 

*Mf+N-I)*. 
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EXERCISE XLVIII 

Sum the series to n terms and'to infinity * 
« 1 1 1 

1.2+2.3 +3:4 + . 


2 ‘ 1.4+4.7+7.10 + .. 


15 


3. 


1 _ 2 4 

(1 +x)(\+2x) + (i +2*70+4*) + {1+4*)(1 +&e) + ‘" 
Sum to n terms : 

4 JL_ 4 7 10 

*'1.2.3 ^2.3.4 ^&4~5~‘‘^4X6’**.' 


5 I 4. 1 j. 1 J- 

5 * 1.4 +275 +3.6+ 


♦Find the co-efficient of x" in the expansion of the follow- 
ing expressions : 

x+2 1 

, Z<1. 7. 7~iT7 - w ) X | < §• 


6 . 


(*-i)(*+i) * . ( 2 x+\){x-\y 

S. Find the co-efficient of x 1 in 

1 - 2 * 

, x<\. 


3+2*-** 

9. Find the co-efficient of x 2,1+1 in the expansion of 

*+l 


(x-i){i+x*y • 

7_3*_i_4*2 

10. Resolve (1 into partial fractions. 

Hence expand and show that the co-efficient of all odd 
powers of x is 4. Find the co-efficients of and *» 

REVISION QUESTIONS V 


Resolve into the partial fractions ; 

* +1 • 1 . 8. 


1 . 


(*+2)(*-l) ‘ 


2 . 


**+3 


x l — 5 **+ 4 * 


• 5. 


**U+*) 

2*+l 


(*+2)(x—3) 2 


. 6 . 


(**+l)(**+2) * 

1 


*•+**+1 


i 
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7. 


10 . 


_ **— 1 

* 4 +* 2 4-l’ 


8 . 


11 . 


1 


1 


18 . w 

14. (0 


■x^ 1 


(*+4)(*-2 j 

z-f 1 


_1 ■ 

^( 1 +**)* 

_ * 3 +*4-l 

*(* a +l) s ‘ (* a +lj a (z+2) 

.... x+l 

(** 


9. 


12 . 


(«) 


(*-l) 3 (%+2) ' 

Sum up: 

(l+*){2+*) + (2 +*[(3 +4 


(* 8 —4)(z+2)‘ 

_* 8 +2:r+2 

(^-T)]4+4)‘ 


(P. U. 1948) 
(P. U. 1947) 


15. 


1 


+ 


1 


16. 


x+2 


2x +2 


(3+*)(4+*) 

-f_to n terms. 

4*4-2 


ll+*)(3+2*) + (3+2«)(5+4i) + (5 4-4*) (7 4-8*) - 


# -}-.,to infinity. 

17. Find-the co-efficient of x r in the expansion of 

l+3*-f-4 * 2 irMfn 

~lT=5j*“ * (Q - 1948) 

3 ^ g 

18. In the expansion of in the ascending powers of 

x t find the co-efficient of ( i ) x i . («) x r . 

19. Find the coefficient of x* n in the expansion of 

a 8 —*4-2 

(l+ 3 ^(T^ij m ascendln g powers of x . 

20. Resolve into partial fractions ——— » 

(* 4 ~ l) a (2*4-1) 

Henpe find the co-efficient of x n in its expansion in ascend¬ 
ing powers of x and state the range of values of x for which the 
expansion is valid. 

31. Express (1 _* )(1 _^,_ 3je) in the form of partial frac- 

tions and hence show that the co-efficients of x n in the given 
fraction is ) [3*«-2*«+l]. (P. U») 

22. Show that 


(x-a 1 ){x-a t )..:...(x-a n ) 

'*+<H+««+.“.+a»+2 a, " + ‘ 


l 
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HIGHER SECONDARY EXAMINATION DELHI 

(Selected Questions from 1946-62 Papers) 

1. Solve: 

x~l x-2 x—S x—6 
x—2 


(»') 


x—6 x—6 x—T 


(»») 


J i-* + J x *- 2i - 


2. If p be the roots of x 2 -p x +q= 0 show that ~ - 

j Oa+b 

an( * be roots of 

a P 

{fq+abp+b*)x t ~(ap+2b)x+l=Q. 

3. Employ the Binomial Theorem to find (999)* 

4 c i 57 6 

’■ Solve ,+>+»-r 5 - 

x+y^x-y * 

5 * If * 2 ~A*-r?==° and **—**+&«0 have one root 
common and the second equation have equal roots show that 

*+«- ■ 

6. If S* denote the sum of n terms of an A.P., whose first 
term is a then show that common difference is 

^ = S., ~ 2S n _j -f-S*_ 2 . 

7. Ifa. i. c be in A. P „b,c,d in G.P., c, 4, t in H P, 
then prove that c 3 =ae. 


8. Show that l+2r + 3* 2 +4*»+-.-to n terms 

__ \—x n nx" 

~Ci —*)*' 

9. Find for what values of m will the equation 

.r 2 —2*(1 -f 3m) -f-7(3-f 2m )=0 have equal loots. 
tO. Solve the equations : 

(«) (*+2){*+3)(*+5)(*+6)=504, 

(ii) **+V **4-2*+3=12-2*. 
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11. (») If a> P be roots of -%*—ax+b= 0, form the equation 

whose roots are —j—- and —- . 

a+p ap 

(it) If a and ft are the roots of 3% a +2*4*1 =0, find the 

|_^ J_ D 

equation whose roots are and - • 

12. Show that if a, b, c are in A. P., and b, c, a in G. P., 


then c t a, b will be in H. P. 

18. (a) Find the term independent of x 



(b) Write down the 5th term 




show 


that it is independent of *. . 

(c) Find the two middle terms in the expansion of 

(-4 )• 


14. If P be the sum of odd terms and Q the sum of even 
terms in the expansion of (*-fa)", prove that P 2 —Q 2 =(* a —« 2 ) n 

4P Q=(s+a)*»-(*-a)*». 

15. A man rides one-third of the distance from A t o B at 
the rate of* miles an hour and the remainder at the rate of 26 
miles an hour. If he had travelled at a uniform rate of 3c 
miles per hour, he could have ridden from A to B and back 
again in the same time. Prove that a, c, b are in H. P. 

10. Solve (t) 16x(*4-l)(*+2)(*4*3)==y. 
lit) Find the value of 

2* s —9* a —10*4-13 when %=34* v 5. 

17. If 6-j-c, c+a, a4-6 are in H. P. prove that a 2 , 6 2 , c 3 are j 

in A. P. 

xx 

IS Show that 5th term in the expansion of (1—2* 3 ) ‘ i 

« as*. 

2 . 3 10 

• 10. Solve JZ2+j=3=*-S- 

20. II roots of the equation «**-f 6x-f-c=0 be in the ratio 
p t q then (p+qy^PPq. 
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21. If a 2 , 6 2 , c a be in A. P, 

show that 4c ‘ ch~'-db are also in A. P. 

22. Find three numbers in G. P. whose product is 343 and 
sum 35. 

23. (a) Find the term independent of x in 

( 3x 2 — ±.)'° 

\ 3 &)' 

( b ) If in the expansion of (l+x) n the fifth term be four 
times the 4th and 4th term be six times the third term ; find 
the values of n and x. 

24. Four persons are chosen out of 10, in how many ways 
can this be done and how often would a person be chosen ? 

25. Find the term independent of % in the expansion of 

(«-*)•' 

26. Solve: 

(0 *3+12=7**. (it) * 2 +y s = 229, x-y= 13. 

27. If a , p be the roots of px*— £x+r=0 form the equation 
whose roots are a 2 -f p 2 and 2 a p- 

28. Write down 7th term of 

/ 4x _ 5 \* 

l 5 2x)’ 

Solve : 


29. 


M +7 J * = 22 V 


t 1 1 
(”) *+y=*>y+- 


=4. 


30. 

31. 


/ 1 v 

Find the term independent of x in lx*—~--Y 

If x be nearly 1 show that 

tnx m —nx n , 


32. 

33. 


m~n 


If a, b, c be in H. P. show that a 3 -|-c 3 >26^. 
Resolve into partial fractions : 


•2 


(#-i) 3 (S + l) 
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1949 

1. (a) Solve the equation ax 2 +bx+c= 0, and discuss the 

, nature of its roots. m— 

t (b) Show that the roots of the equation (x-a)(x-b)~n 

are always real. 

2. (a) Find the sum of the first n terms of a G. P., the 

common ratio being given. 

(b) Sum the series 

(i) 5+55+555+.to n terms. 

(ii) 1—t+t—5+.to infinity. 

3. (a) Prove that 

f»c f =»C n -r and evaluate 50 C 47 . 

(5) If 18 C f = 18 C r+2 . find r C 6 . 

4. (a) Solve the equation 

12+V(*-l)(3%+2) —3x 2 —x. 
n (6) If He, c+a,a+b are in H. P., show that 

JL , — , are in A. P. 

6+c c+a a+b 

Or, 

(6) Resolve 

(T+l)V + iy 

into partial fractions. , , . 

5. (a) In the Intermediate Examination a candidate has 

to pass in each of four subjects. In how many ways can he 
fail ? 

(M Find the sum of the senes 

3 , 3.5 , 3.5.7 

^ 4 4.8.12+. 

1950 

1. (a) Find the condition that ax 2 +bx+c 

a 1 **+&*+&**0 may have a common root. 

(5) Solve (*) V5x*—6«+8 —y/$x l —Qx~l—\ . 


=0 and 





:202 


INTERMEDIATE ALGEBRA 


2. (a) Show that the sum of the cubes of the first n 
natural numbers is equal to the square of the sum of these 
■ numbers. 


(i) Find the sum of the in6nite series 

i+(i+6)f+(i+H^ 2 +(i+&+6 , +^v+.~ 

r and b are proper fractions; 

3. (a) Without using any formula, prove that 

»Cr= y , "-‘Cr-j. 

Hence or otherwise find the value of "C f . 

(. b ) 7 candidates are to take examination, 2 in Mathema- 
' tics and the remaining in different subjects. In how many 
ways can they be seated in .a row so that the two examinees 
■ in Mathematics may not sit together ? 


r 


4. Resolve into partial fractions : 

(,•) _ x _ 

v ' (%*+a?— 2) (x 2 —«+2) 

(M) (*»+*)(**- ij' 

5. (a) If p=q nearly and n> 1 show that 



_i 

(n +l)p+ (n -\)q tp \ n 
{n-\)P+(n+\)q \qJ B 
Apply this rule to find the seventh root of 
(5) If (l + x)"=C 0 -fC^-hC 2 x2.-f C n *», 

"find by differentiation or otherwise, the value of 

Cj -f-2C 2 -f3C 3 

Or, 

(b) Euler (a mathematician) says it would be difficult to 
find x so as to make p l —2p*x*+x i -\-x a square, show that it is 
not difficult. 

1951 

1. Find the sum of n term of the series : 

a+ar +ar* -f . -ha r"—K 

Obtain the sum of an infinite number of terms when r<l, 

*’5 

Prove that ‘45= -jy 

iFind the sum of p terms of the series 2, 8, 26, 86.....- 
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2. Prove that a quadratic equation cannot have more than 

two roots. _ _ _ 

Solve : (i) yx+5 -f %/#+12 = \/2x-\-4i 

(ii) x*-lxy+l2y 2 =Q 

x*-\-5xy -8y 8 =*34 

8. Find the number of permutations of n dissimilar things 
taken r at a time. In how many of them will three particular 
things occur ? 

Find how many words can be formed from the letters of the 
word 'Oriental* so that (a) and («) always occupy odd places. 

4. Prove Binomial theorem for a positive integral index. 

If three successive coefficients in the expansion (1+x)* 
45,120 and 210, find «. 

5. Resolve into partial fractions : 



1 

(*M-5a;+b) '(**+1) 



x 

(x—2 y 


1952 

1. (a) Discuss the nature of the roots of the equation 
tax^+bx-t-c—O. Form the equation whose roots are the squares 
•of the roots of the above equation. 

( b) Solve the equations 




(»o 


x 

3 

3 


y _3 

5 


t Ua 


+~ -n. 

x y 


« 1 1 1 


and deduce that nc f —nc n -r> 

How many triangles can be formed by joining 12 points 7 

of which are in tfie same straight line ? 

8. Write down the expansion of (1-j-*)" when n is not 
a positive integer. Give the number of terms in the expansion 

•and state the limits in the value of x. 

Find the cube root of 126 correct to seven decimal places. 

♦. Resolve into partial fractions : 


i 
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6. If m be the arithmetic mean of n consecutive integers 
show that the sum of their cubes is * 

r 2 . » 2 -1 

—- 

DELHI UNIVERSITY QUALIFYING EXAMINATION 

PAPERS 



1949 

1. (a) Solve the equation 

Vx*—l6—(x—4) = y/x*+5x+T, 

(b) Break up into partial fractions 

2x 2 +x+l 

. v (x-l)*(x+3) 

(c) Find the square root of 1+2^6* where i stands 
for the square root of — 1. 

2. (a) Show that a quardratic equation cannot have more 

than two roots. 

(6) If a and fS are the roots of x 2 —px+q=Q, find the 
equation whose roots are and (S 2 . 

(c) Find the condition that ; 

ax 2 -\-bx^c— 0 . • 

and a'x 2 +b'x+c‘ =0, 
may have a common root. 

3. Sum the series : 

(а) l*+»+3*+.+« 2 . 

(б) 8-f 88-f 8fr8-f8888.to n terms. 

( c ) 1 +2*-f 3* 2 -|-4* 3 -f. -\-nx n ~*. 

* # 

4. Find the number of combinations of n different things 

taken r at a time. 

A council consists of eleven members of which five 
are permanent and the remaining six are temporary.. 
A resolution is declared to be passed by the council 
if it receives at least seven * votes including all the 
five of the permanent members. Find the number 
of ways in which the resolution can be passed. 

What will be the number of ways, if 
(*) for passing a resolution, only a simple majority 
was required, 

(»•) any seven or more votes could secure the passing*, 
of the resolution ? 
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b. (a) Find the value of the square root of 999 correct 
to three places of decimals, 

(&) Write down the general term and the co-efficients 

( 1 \ 1S 
x*+ 7 / • 


1950 


t. Solve the equations : 

(*) (*+2)(x+3)(*+5-(x+6)=504. 

(t») \/2x—5—\/4x—9 — </4;r+7. 

(Hi) x+y= 16, **+y*=1072. 

2. (a) Examine the nature of the roots of the quadratic 
equation ax 2 -\-bx-\-c= 0 , 

(b) If a , P be the roots of 2* 2 — 3x~ 5=0, form the 

equation whose roots are » -x—. • 

a*-Fj6 a 2 +P 

(c) Reduce a — i . i to the form xA-iy. 

' a — ib 





(а) Find the sum of n terms of a G P. 

(б) If av=b*=c r and a, b,c be in G. P. prove that 
p, q , r are in H. P. 

(c) Find the sum of n terms of the series 

ia+3P4.5*+7*+. 

Prove that n C r _ 1 -4-"C r = n + 1 C r . 

Find the number of combinations of the letters of 
the world College* taken four together. 


(a) Find the term independent of x in 
/3r 2 1 V 

\ 2 3 * / * 


(6) Extract the fifth root of 244 correct to three 
places of decimals. 

2x4-1 

(c) Resolve (“~i)7 x r_rjT into fractions. 


1951 



8 olve the equat ions : 

0 



* 


x 
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(**) -/5*»-6*+8- y'5**— 6i— 7=1. 

(»*0 * 4 - 2 /= l , **->*= 1 - 

2. (a) Prove that a quadratic equation, cannot have more- 
than two roots. 


(6) If the roots of * 2 -/>*+«=0 differ by 
that /> s =l+4 9 . 

(e) Find the square root of 3— 4\/— 7. 


unity, prove* 


3. (a) Find the sum of « terms of an A. P., the first terra, 
and the common difference being given. 

(b) If a. b, c be in A. P„ b, c, d, in G. P., c, d, e in, 
H. P., prove that c 2 —ae. 

(c) Sum the series 1 -f 3«-f6^+10^-f ..._to infinity 
* being <l. 


4 . Find the number of permutations of n different things 
taken r at a time. 

In how many ways can 5 persons be seated at a roundi 
table, so that all shall not have thej same neighbours in any 
two arrangements ? 



(a) Find the two middle terms of ( 3a— 


a* 

6 



(5) If x be nearly equal to I, show that 
ax*-bx a 1 

nearl - v - 



(r) Resolve 


x 8 

(*-l)*(s+]) 

1952 


into partial fractions. 


1. (a) Find the condition that the quadratic expression 
ax*+bx+c will have a positive value for any real 
value of 

(b) If the equation x*-]5-w(2x-8)=0 has equal 
roots, find the value of m . 

(c) If a, p are the roots of the equation x'-px+q** 0; 
find the value of a 3 -j-^S 8 . 

2 * Solve th e equa tio ns : 

(t) y/2x a -7x+l-vX**-yx+4 ~=1 

(ii) (*+9)(*-3)(*-7)(*+5)=385 
(m) **—>*=20 and x+y=l(k 
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3. (a) Find the sum of the first n terms of a G. P,, the 

first term and the common ratio being given. 

(5) Sum the series l+i+2+g +.to infinity. 

(c) Find the sum of the squares of the first n odd 
numbers. 

4 . (a) Find the number ^of combinations of n different 

things taken r at a time. 

(6) Prove that 

9 Cr+*C,+ 1 =* + l C, + l . 

(c) A regular polygon has 23 vertices and, consequent¬ 
ly 23 sides. How many additional lines need to be 
drawn so that every pair of vertices will be con¬ 
nected ? 

5. (a) State and prove the binomial theorem for a 

positive integral index. 

(b) If P be the sum of the odd terms and Q the sum 
of the-even terms in the expansion ~of 

where n is a positive integer, prove that 

P 2 —Q»=(a 2 —^ 2 )«. 

(c) Resolve into partial fractions. 

JL 

DELHI UNIVERSITY 

ENTRANCE SCHOLARSHIP EXAMINATION PAPERS^ 

1946 


1. (a) Solve the equations : 

U) tfx*+'2x--S+y/&—X9=Sy/x— 1. 

(m) * 8 -y*=7, x-y= 1. 

(6) If 9*+20 and x z — I3x+a have a common factor, 

find a . 

\ 

2. (a) If a, b, c , be in G.P. and p is the Arithmetic mean 
between a and b, and q i9 the Arithmetic mean between 
b and c. Prove that b is the Harmonic mean between p 
and q. 

(6) Sum the series 

111 ' 

T+l+2 ^* terma * 
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2. (a) Prove that * +1 P,= ,, Pr+r.*Pf_ 1 . 

(6) There are 16 persons including 5 ladies. In how 
many ways can a committee of 4 be chosen 1 so as to include 
(*) one lady (ii) at least one lady. 

4. (a) Resolve into partial fractions 

x A 

•--* 

* 3 -l _ 

(6) Use the Binomial Theorem to evaluate \/101 k to 
■ four places of decimals. 

1947 

1. Solve the equations :— 

<'>«■- 1 -' »■ 

(ii) y/3x^3x^3^-y/3x -6*+3=9. 

2. Construct a quadratic equation with rational co-effi- 

- cients one of whose roots is P+y/q. 

[f r be one root of 4* 2 +2*—1=0, prove that the other* 
root is 4<* 8 — 3a. 

3. Prove that three different quantities cannot be in H.P. 
and also in A.P. unless they are also in G.P. 

a, /3> y are the Geometric means between ca and ab; ab and 
be ; be and ca, respectively. Prove that if a, b, c are in A.P. 
p 2 , y 2 , are in A.P. and p+y t y +« and <*+/? are in H.P. 

4. Sum the series : 

(i) -4+-8+-16+.to infinity. 

(ii) 3+6+11+20+37+—...to » terms. 

5. (a) At an election where every voter may vote for 

any number of candidates not greater than the members to be 
elected, there are four candidates and three members to, be 
chosen’ In how many ways a man can vote ¥ r 

(b) If x r occurs in the expansion of 

(*«++ 2 "- 

find its co-efficient. 

1948 

• • 

l. Salve the equat ions _ 

/a J2x— 5^V4*-9=V4*+~7. 

(ii) *>-y*= 1. 
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2. Find the condition that ax 2 +bx+c = l 0 and 
a'x*+b'x+c'= 0 may have both roots common. 

If quadratic equations be formed whose roots differ from 
those of x 2 +px+q=0 by the same quantity, prove that the 
discriminants are the same. 

3. Find the nth term and the sum to n terms of the 


series 


6+13+24+39+58+ 


If a, b , c and d be in H.P., prove that 

a+i>6+c. 


4. Prove that rt '*' 1 P f = ,, Pr +r."P f _ 1 . 

In how many ways can 6 different rings be worn on the 
four fingers of one hand \ 

5. (a) If x be nearly equal to 1, show that 

wx°»— nx* , 

- : - nearly* 

tn—ft 

(b) Resolve : 

ft 

&+x*+ \ * nt0 P art ' a ^ ^ ract * ons * 
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EXERCISE 1, Page 4 

l. 0 i I («) -|. * (**) 0. -2. 3. fe. ' 

3. ±\. 4. ±(0+6) 5 5. 6. ±2._ 7. 5. 

8. ±5. 9. 1. 10. - 2 _±VL58. 

EXERCISE II-A, Page 6 

1. *, -f 2. ~ 5 */S 8. 6±1. *. ± ✓S. 

6. ±2a. 6 a-26, -(<»+6). 7 - 3 - - 1 * ~ 9 - „ 8, °’ 2 ' 

9 a—26. 10. 2a-6, a-26 It. a*, a*—1. t2 b-2a, -a-b 

a‘4-6* , e - 3a 

18. a+b, 2b. 14. 0. - ■ 16- <*. ~2 


1 U _ 7 


8. 6±1. 4- ± VS. 


18. a+6. 26. 14. 0. - 16- ». -5 


16. 9 *V 19 . t7. 0. 

2 

t9 . £±1 . -2±*. 20 6, 

82. -»*y?6. 


18 


T 


2 a+6 

a+6 ‘ ab 

21. ±fl. ±^. 


EXERCISE II-B. Page 




»- 2 )» 

270 


±5a 

iW3* 


8. 0, t 


4* 4. 


5 . 0 . 


6. -i- 


8 . ± 




9 . 4 . -I- 10 - - 1 * *• 11 • W 5- $ ; (**> 8 ’ *• 18, 4l 8 

EXERCISE III, Page 11 

1. 10, 20. 2. 7, 8, 9,10,11, 12. 8. 5 cm*. 

4. 45, 66 m.p.h. 6. 15 It. 4 in. 12 ft. 

EXERCISE IV, Page 12 

1 rfcVa. ±V2. *• ±2, ±V2, ±y/—2, ±V“4. 


intekmnmatjs alokbka 


4 


?!-2 


10 . 


1 2 — 1 ±v/—3 . 

1, A —-— , 

(-2a)*, (3a)*. 6. 

2±/5, . 


-\±y/-3. 


4. 1, -8. 


2,3. 7. ±\. _8. 2, 0. 9. ^ 

11. (,) i±vM3_ .lilys. 


* (**) —1±\/7, — 1 ± \/ 23 (Extraneous). 

12. 0,-2, 4, |. U. 1, 14. ± J$,±J-9. 

15 18. a —2b h—2a. 


KXERCISE V, Page N 


. -5ti/5 

1 . - 2- 


8. 9, -7, lfy^-24. 

6. 0, 2 * l' 13 . 


2. 2,-1, ' ty 17 _ 

2 

4. a, -9a, (-4± x /^Ts)a. 
8. —4, 2, -1 ± V~8. 


7. 1, -9, -4±*/-20. 


8 . - 


2 ’ 


3 -3±VK> 

2 * 2 


t. 1,2, J. 

3. 2, *, -1. 


EXERCISE VI. Page 16 

2.-1, -IT*^ 21 • 

4. ± 1. ~ 3 5. — 1, —1, —2, 


6 . - 1 , - 2 , 


3±V5 


7. 2, l -3, -J. 


1. 1, -5, -6. 

. a « 

4. 3 -. «, 2 ’ 


EXERCISE VII, Page 16 

2-2,7. 8.9.-1,'/. 


5. 4, 5. 


6. 2. 7. 4, 5. 


1 . 1 , 2 , 


EXERCISE VIII, Page 17 

o „ 3±V29 


2 2 , 


-1, -1, I. 


4 - - 




answers 
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4 ±1, -f. 

7. a, 0. 


5. 2, if. 
8. 4, - 


6 . 


14 


~7±yn 

8 


« EXERCISE IX, Rage lit 

1- *=2, y=i v=_ is 

2. *=3,y=l;*^ - 

x=l,y=2 , *=—3, y— -2. 

x~2a t y=2b ; x =0, y—0. 5. *—3, y—4 ; * ~ v _ 2 5 

*«=3, y = l ; *= r s f . y= — 1", « 

*"=I,y=3 ; *=15i y=-IJ. 

*=a,y-b ; a -~ 6 , y=Az tt . 

9. *=3, y=2 ; *=—3, y=* 2. to. *=ll,y =8 

y= n - ± V2;x=± l, t-y/3. _ * 

_ b±V^±**±«b- a 4 : 

(<*+*> >3'*-- a+i - • 


5. 

4. 

6 . 

7. 

8 . 


12 . * 


1. 

2 . 

8 . 


13. *=i,-};y=i - f 

EXERCISE X, Page 21 

x=2,y=3 ; *=3.y=2 I *=-2, y=-3 ; * = _ 3 ,y=-2. 

*—4, >—5 , *y=i,y— | , *= — 1 , y=-§ ; 3 y = _i 

(6) *=ll,y=S ; x = -8,y = - 11 
(4, 3) ; (-3, -4) 5. *±=3, y=4 6 . *=3, y=2 

* —7. >=5 ; *= -5, y = -7 V "=7 ^=9*1^9' v^iT* 
*=2, y= I ; *= l, y=2 10 x=9. y=3 ■ x=3 ’ *1 

x ~' 1 ' y ~ 3: * =3, y j 2 - '% * =5< >= 1 : *— >.w«. 

*=6. ,««; y- T . 

*-«■ >-0 ; *=0, y=-6. 16. x~9, y=l ( * = 1 v== , 

*=6.y=10;*=4.y=15. ^ »*=‘. 

EXERCISE XI, Page 22 

n id . . ° _ 


7. 

9. 

11. 

13. 

16. 

17. 


11V2 


» X 


V* . »ly2 ; 

2 ’ 2 • 


3^2 


***7*y~4 ; x-=-7,y 


4. 
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2 . 

3. 

4. 

5 

6 . 

7. 

1. 

2 . 

8. 

4. 

5. 

0. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 





*■=3,^=5 ; %=S, y=3 ; *=-3, >=-5 ; 

1 1 1 _ 1 . 

*~V~2’ ^V 2 ’ * = V2 f ^ V 2 ' 
2 1 2 1 

Xa=z V5 ,y ~V5’ X ~ V5’ y V5‘ 

£=1, y=2 ; *=# £, >=3^'}. __ 

x=\[b±y/2a*-b*), y=\[b^ 

*-2. >=5 ; *= - 2 . y= -5; *=~. *=-^3 


7 I 

* = ~V3' V3 

*=i >: y=i ; * = J, ;y=£. 8. 18 ft., 16J ft. 

EXERCISE XII, Page 24 

*=3, y=5, z= 4; x=—3, y=—S, z=— 4. 

x=i,^«=2, z=-3 ; *=-i».y=V >*=—)!-• 
*= ±5, >-= T3,*= ±8. 

*=5, y=9, 2=11 ; *=—5, jy=—9, z= — 11. 

tf 8 A* c* 

*=±~. y=±—. *=± 




ac 


ab 


*=±4, y=±l, z==dz7. 

*=3, y=4, 2=5 ; *=—3, y= —4, z=—5. 

*= 6 , jy=9, 2=1 ; %= 6 , ^= —1, 2 = — 9. 

*=6,^=3, x=5 ; *=— 8 , 5, — 7. 

*=2£, y-1*. 2 =-12. 

z=4, >>= 6 , 2=2, *= 8 $, >»=9|, *=— 6 . 

5-f-c—a _ c-fa— _ 

* = ±2V« ! +6’+e* ’ ^ tV"’+**+«* ’ 

-c 

r== ±v«*+ 4 *+* 

*= 9 , v=—9, 2=6 ; 198. 

EXERCISE XIII, Page 25 

f m /lA., 5 m.p.h. 2. 10, 30. 

45, 54. 4. 30. 
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1. (f) f-3pq. 


EXERCISE XV—A Page 29 

p*—3pq 


(») 




m 


p*—2Pq+q 

P 


(tv) p*—4p*q+2q*. 


2 . 6 , - 2 . 

M—4ac6 2 4-2i 8 c* 

4. (i) -• 


Q 2 

TT 


a*c a 


<*) 


fc 2 (6*-4ac) 

a*c* 


5. a*> 2 +fl6(<? 2 --2r)+6*. 6. (t) 




s/pr 


w 




1 


12. 6 a =*9c*+4c 


7. (i) -^p . (»*) 8 *f+2»'+#’ 

9. -1,6. 16. J, -i.-J; 

EXERCISE XV-B Page 34 

I. (i) **-22*4-120=0 (H) 6* a +*-l=<>- 

(Hi) x a — 2ax4-a*—6*=0. (if) x*-4*4-l=0. 

(») **-4*4-7=0. 2. l — y/2, —1. 

3 qx i -(p t -2q)x+q=0. 4 (a) x* ~x(2 c+W+c J =0 

(6) x>-2*+3=0. 

5. p*x*—<fpx-\- 2r(q a —2pr)=i) 6. (29*)*-174x-40=0. 

7. x*-2x+l =0 8. (*) **-/>**4-p a ?=0. 

(ii) pqx*-(-(q—P)*— ] = n 

9. a t x*-2a i (b*-2ac)x+b*(b t -Uc)=0. 

II. (a) .y. (6) 2, -y. 13 o«(a4-c-3ft)4-o , *-<l. 

IB. 3. 16 7**—*4-'=0 

18. (i) a=c. (ii) c>a is positive and 6/s is negative « e., e 
and a have the same sign opposite to that of b. (*»») _c/a 
and bla are positive, ie , a, b and c have the same sign, 
(iv) c/» is negative, e and a have opposite signs. 

( 0 ) 6=0. 

19. (»S c=0. <•*) c~0,6=0. (m) 

liv) a=0, 6 = 0, ( V ) a=c«0. 20. * s -(a , -26)x4-6*=»0. 

* 4 - 1 = 0 . 
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INTERMEDIATE ALGEBRA 


3. 


1. 


8. 4. 


I. 


EXERCISE XVI, Page 37 
P——5 ; 2 *— 3 . 

EXERCISE XVII, Page 41 

2a& 

' « a +$ 2 ‘ 

9 . 2 . 

EXERCISE*XVIII—A, Page 43 

fa) real, distinct &nd rational, («) real, distinct and 
irrational, (tit) real and equal, (tv) real. 


W ~a\/xy. («) 2. (6) y 


2 . 


““A 


6 . 


I±4y2 
2 


_ 13 

7. -—-, 3. 8. 0, 3. 9. me—a. 


♦. x>4. 


EXERCISE XVIII—B, Page 43 
REVISION QUESTIONS I Page 47 


10 


*• fa) 4 > n ; 2 » 


38 
13 ' 


2. (i) 


(a 2 +ft*) -f-y' (a*+6») (3a* - 3*) 

a*-b* ' 


Hi) «±Vi‘-4 . 3. w ±ia ^ 


4. 4 5. (!) 1, 1, ~3±y5. 


a—3 


6. x— l or 2. 8. ( ( ) 1, 2, 3. Z^i^*^ 231 . («) I, . 

9. 15 ft. 10. 88", 80". 11. 16, 12. J, 5. 

(b-c)* 


13. (*) J. (if) 

fa) * 2 +b 9 a—b. 

* 

(vii) 1, a—6—1. 
ft*) —2a, —a— b. 


(Hi) 19, (iv) 


8afa-f-c) 


M-(, - w). 

~a- F ' 

I*. 




ANSWERS 



15. (i) 5x 2 —10*+1=0. (,,) *«- 2i2 aT 4a ~ *+- - f c =0. 

16 . (a) ( 6 ) *»=—3,y=—2 ; *■=!, y=2. 

17. b*=ac. ai. p 2 * a — (g* — 2rp)x+q 2 =0. 

22. («) 2, $. (,») 4. 24. 27, -125. 

27. p*-3q. 28. -1. 30. bb'=2[ac'+a’c). 

31. (rc—pa) , =(qa-rb\(pb—qc). 32. * 2 -x(a 2 -2fr) + 6 2 =0. 

88. *=* [6±/2a 2 -6 a l .>'=i [i+y2a*-6 J J. 35. *», -§. 

86. * s -*(4a 2 -&)|4a‘-36pl)+(4a 2 -6) 2 (4a 2 -3/>)=0. 

37. (a) a*-*-1=0. (6) * 2 - 2 x+i= 0 .J 38. 6=0 and 3. 

89 . _y 2 —fry-|-c«=0. 40. 28 . 41. a=±2. 

EXERCISE XX, Page 55 

1. li) 88. (it) 43. (tit) 118-3«, 2. -59. 3. 62. 

4. 129. 5. 5w-2. 6. 29th, 4th. 7. 6th. 

8. -2, 1,4, 7_ 9.-4,l,46.5n-9. 10.21. 

EXERCISE XXI, Page 55 

n o vP-n —2 

1. ” (3*+7). 2. 10 or 4. 3. - ^ 


4. "~. 1 . 8.*W«-l). 6. 20. 7. (i) 10. 8. 10. 

9. 2, 8, 14, 20.. 2. 5, 8, 11... 10. 24750. The answer 

-14 can be explained by the fact that 14 terms counted 

backwards from 10th term gives the w ame sum. 

11.11570. 12.1,5,9,13... 13. (i) i»(3n-7). 

Ui) ln(3n—23). 14. a+b . 2a. 15. J(* 2 -3y»— 2xy+y+Sx). 

16.9. i7.'l5th Jan , 183| miles. 18 . 200,000. 

EXERCISE XXII, Page 62 ! 

l. —21. -1$, -IS -l *. I. 2*. 3$. 2. 19*, 19, 18*. 18, 17*. 

8 . p*-p+l, p*-2p+2 . p. „ 

* 4. 4*—3y, 3x—2y, 2 x-y, x,y, 2y-x, 3y-2*. 4y-3«. 

6. n : m. 


EXERCISE XXIII* Page 65 

l. 10. 2. 5, 8, 11. 8. 3, 5, 7. 4. 7, 9, 11 

5. 3, 5, 7, 9. 6. 1, 5, 9, 13. 8. 2, 6, 10, 14. 

11. 8, 7, II, IS.... it is an A. P excluding the first term. 
12.3,5,7,9,11. 18. p+q-m. 


t 
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EXERCISE XXIV, Page 69 

t. \i%. 2. A ; (I)"- 1 . 3. -1536. 4. 729. 

6. 10th. 6. 8th. 7. 5th. 8. (i) -114, 126,246,366 

{») 2: 18, 54, 162, or -2, -18, -54, -162. 

9. 4 , 8, 16, 32, 64,... 

EXERCISE XXV, Page 71 

« A n 51 1 /A /Av 1 


4, 6. 5. —255. 


2. -¥(2-V2). 

-- o an(n+ 1) 


3. 1- 
%(1 —x*) 

T-* 


10* 


7. 353 *8 It. 


8 . 6 


/ 


EXERCISE XXVI, Page 74 


1. $. 


2 1 - 


I+2*‘ " " a ’~ 3"- 1 ' 

8. 10.*. U. (»') |. (»*) 10^. 

EXERCISE XXVII, Page 77 

1. 6, 12, 24. 2. 1, f,J, V- 

3. —14, 7, —j, J, J, x8- 4. f. 5. 2, 32. 

or —1, — B ‘ v 7. 8 and 12 or J and —3. 

EXERCISE XXVIII Page 80 

1 2, 4, 8. 2. 3, 6, 12. 3. 4, 6, 9. 

♦. 248. 5 2 5, 8 or 26, 5, —16. 


6 II. 


3. 6(V2+1). 


7. i,3 


' a r 


10 . *. 


CM) jUJU 






8(1—2 


7. 3, -7. 


8 . ±3. 


9 . W (♦») r—±*, 35.10, 2f, ; fe3, -18. 5;, -iff. 


9. (6) 8 and 12 or J and —3. 

10. 1.10-+*—10—OwJ. !*• 

12. n(n+l)+|(3"—1)* *+i+±+— 


144 144x7 . 144X7* , 

l9 ‘ ^ 5* ^ 6* + 

21. i=4, r=2 ; i, t- 


20 ^ ss2 » r — 8 

or i=10, r«-I. 
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27. 


x \P—9 


(f) 


28 


29. 112 ft. 30, 19ft. 31. 732. 


1 ( z 2 —*»+* 

‘ x^yl l-x l-y ) 

. 732. 33. i■ • 


»• fr- 

' 60 


(l-i-,(l-6r) 
EXERCISE XXIX, Page 87 

2. 7. S V 8 I* ?> 2 * 8 - ~ 4 ' 4 ‘ ~ 3 ^ 2 ' 


-. 6. IS 


7 1 1 \ 1 ft 1 

• TS» 7» IT* K 


12. or 1, i* 


16 —n 

9. 2,6. 10. 3,12. 

EXERCISE XXX, Page 90 

t- *• i. M. w Ml.-**■ 6.104,234. 

flc(m-l) 

a(n— l)-j-c(m-n) 

EXERCISE XXXI, Page 95 


1— x n 

3. n.2*. 

7 1 6n + 7 

* 4 


nr 


1-x 


2 . 

11 


1+x 2%" (2 «- 1)*” 


4 3* 4 • 


8. W 


l+2x 2 


9. 


11 . 


1-P*«f£ a 

(»+*) a 


10 


5 }l* ^ 6 - IS- 

(I-* 1 )*’ (tt) (T^) V 

1+7* 8** 

(!—«)“ + (1-*)* 


13. 8 


(a—*)(a 2 —*V 

EXERCISE XXXI1-A, Page 97 


n(4n 8 —l) 


2 . 


2n(»+l)|2n + 1) 


3 3 

4, 2»*(»+l)». 5. 19270. 

6. J{»(>H-l)(2n+l)-»'(i'+l)(2r + l)} 

EXERCISE XXXII-B, Page 101 
1. (*) ini»+l)(2»+7). (tt) jnin+ 1)(2»+3) 


3. » 1 (2n*— 1) 


a. 


P(4p ! +18/>+23) 


(«*) »(«+l)'(n+2). 3 

8. »(*M-1), tf*(<*+l)(»+2). 4. ■^g»(»+l)( ,, +2)(3»i+S). 


I 
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5. i«(»+l)(«+2). 

8. (*) 2^-2+—^ . (U) ^ 6«-3+ g 4_, } 

1' 8 - B»( n *+6«-I). 9. |w(»+l)(«+2) 

10. Jn>(«-(-i). ii. g»«—jn+2, |n(« 2 +«+4). 

18. #i(10" +1 -10-9n). 


3" —1 
12. — rt -+2 *. 


14. 


70 


7« 


81 


(10 n — 1)— 15. 2* l+1 —2—ft. 


16.(i) M(,I f^+2"«->-2. 


, 3»+*—2»—3 

‘ 4 


18. 


(*») J«(2« l +9»+l). 
«(n-(-l)(n+2)(«+3) 


81. 2»(«-f-2) t , 


« 


22. ^.(i»+l)(»+2)(n-f3) 


23. 


n 


2i L _1 

‘ 15 3(3»+5V 


25. 


2»+l 

2« 


29 5 “3^ 1 H ,0w - 9 +3^> 


»+! 


EXERCISE XXXIII, Page 104 

1. 5. 120 2. 1240. 3. 220. 4. 5525 

5. 348. 

REVISION QUESTIONS II, Page 105 


n 


1. 2 r(»+5)tf—(3»+ !)*]. 


2 . 


» 2 “7l-|-l 


n 


». (o ae?sp>. («) 5^'. (.«) =!5=i>. 


4. 4 or 10. 
10. 9, 16. 

12 -iA 


6.* 1, 3,5,7. 
11. lb. 


7. 1, 2, 4, 8. 


• w iLi* »«) 4! • n s. 


24 


if 


19. («) 2n 8 +3«*+« ; S„=$*t(» f l)*(n+2). 

(«)2*-8;S„=2»+>-2-8«. 20. * ,n +A)J*+ 2 >. . 

»(»+l)(3»*+19n+32) 

6 




t 
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14. If a and b are the quantities, then ~ 2 ^ _ 4 

& 2 

60 ... 20 


!6. 16. 18. (<) ^£ w - (n) a 


Sw+3 * 


22 


24. 

25. 

26. 
28. 

29. 

34. 

44. 


cl 2 *'+ 3 »; 4 - 7 ” iii) 2"+*—2—«. {«*) 


(» 


1 


+ 


a 2 




(«) 


1+jC —** 


w(n+l)(3»—2) 

3 ” ~ * 

I -a: 100 100^ 

(T^*j«“T -x ' 


7 ft 
39 • 


1 +*'('+*)* (t ~x) 

27. K(«—J^)—(a+wrf—1)*]. 

—*- 4 — (» even) or $(»-(- 1 )* (» odd). 

p(«+ny 

^(rP— I) ap 


. (in) — n(2n + l). 


30 i»(* + l)(«+2). 


21 . 


— —p. 35. r. 42. n=0, —4, — 1. 


45. 1956. 


* EXERCISE XXXIV-A, Page 117 

1 (*) ?• (H) 6. (,V») 18 (iv) 11, 5. 120,60,6,21. 

6 24. 6, 6,6. 7. (i) 60. (it) 120 8. 3024. 9. 120. 

(») 24. (»») 48. (m) 24 (iv) 48. 10. 2640. 11. 18, 8. 
12. 120. 18. 40320,5040 14. 325. 15. 1440. 10. 3600. 

EXERCISE XXXIV-R, Page 120 
1. (») 24. (*«) 256. 2. 625. 3. !»;«■; 

* 4". 5. 30. 6. 155 


EXERCISE XXXIV-C, Page 122 
1 («) 560. ( it) 5040. (iii) 151200. (iv) 49S96U0. 

2. 180, 12, 18. 8. 420,360. 4. 48. 5. 1680. 

EXERCISE XXXV, Page 127 


1. 

2. 

7. 

11 . 

18. 


3 n 


55, 55, __ . 

.. ( In )* 

W (M) 28. 6. «=34, r=l4. 6. 120 

4 »5, i»(n-l)(»-2). 8. 20,54, }«fn-3). 10. 870. 

" C '-« 21 0. 81-13- 252, S3. 14. 56, 21. 17. 36. 

890 l». (,') 36. (U) 224. 


* 
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EXERCISE XXXVI A Page 130 
t. 19900, 78, 1. 2. 101700. 3. 1140. 4 465, 528. 

5. 300,351. 6. it— 1. 7. 20,8. 8. 80,7. 

9. ,7_. 

EXERCISE XXXVI-B, Page 132 
JlOO 2 100 |15 | 9 

1 40^60 ' ; 40 |6u ’ 2- (,5j» • *' iffy' 6 ' 27720 ' 

6. 369600. ~~ 

7 i£L. 8 il 2 . __ 113 

■ (|13;« • i 2xf/_6 )» • |.3x7f4j~' 

|30 [30 

9 ' |3(|10)» ’ 7 T| ° ) V 

EXERCISE XXXVI-C, Page 138 

1. 18. 2. 136. 3 (») 1260, 4989600 (6) 270.2454. 

4. 59, 779. 5. 136, 2454 

MISCELLANEOUS EXAMPLES Page 138 

8. 3780. 4. 6300. * 5 (*') 280. («) 736. 

7. 145. 8. (») i^-l)-i?( ? -l)+l. 

(<*) i[^-l)(^-2)-?(?-l)(9-2)J. ■ 
12. 10080. 18. 1728. 

14. ({) 10080. (it) 30240. (»»») 4320. (tv) 1440. 

(v) 720. (vi) 1440. 

15. 24, 48, 240, 480, 48. 16. 16. (») 40. («) 8. 

17. 86. 18. 14400. 19. 12. 20. 1716. 

24. (*) 126. (»*') 56. 29. 5040. 80. 3. 81. (a) |9 . 
(b) |9-j-^2=181440. 82. 181440. 8*. [ 9 x (3. 

34. | 8x17 86. Jil 87. (i) 462. (#V) 42. 


EXERQS6E XXXVII, Page 148 

1. 3600. 2. 36. ' 8. 2002. 4. 5936. 6. 55. 

(»} 336. (») 672 7. 246 8 41. 9. 1000. 

12. 4«—1 = 1023.* 13. 105. 14. 144. 

15. (i) 2880. (**) 1440. 16. (♦) 576. (»*) 288. 

17. 126 21 .(«-«+!),»•. 
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REVISION QUESTIONS III, Page 151 

1. (!) *-K^x[r or -P^X^-Jiixrlr-l) 

W—f 

(*») (n-2)(«-3) .(«—r—1). 

2. 1440. 5. 60. 12. 10 13. 35. 

1+ 35. 15 113400. 16. 32. 17. 48. 

20 3999960 21 133320 22. 360 28. 72 

24. 810 


EXERCISE XXXVIII, Page <58 
1. (») 1 +4x+6.* , +4;t®+* 4 («») 1— Sx+lO* 8 * 10 — lOs'+S* 4 —**. 

2 (*') 64*«-64**y+?^. #»y»— ~ x y+^x*y*-~xy*+^ 


(***) +« ~ +15 ^ +20+15 £ +6 r + 1 

1555S4 


** 


27 

a ^4 ^6 


8 ^ ^27— 3C?al °* (”) 760^ 8 . 4. (a) 1890a 4 (6) (-i)***C w . 


6. (o jul^. 


(|55, 


6 (*) 


189 


r\7 _ 


21 


(it) 1120a 4 * 4 . 

(it) — 112266*, 


336798 


8 * 16 
f2n+l _ /2«+l 

(ill) — —77 - r 


!«_|n+] 

7. p*» —J, »«6. 
9. -V*- 


tw |w 4-1 

8. 1st. 3rd., 5th., 7th. 

10. ft—11, *=2. 


EXERCISE XXXIX Page 161 

1. {*) No. (j») 210a M 6*. 8. _J^L_2“. 


:5 i3i 


462 


8. -99x2‘". 6. (») -45. (♦»') -252. 6. -462*. 

?. 1120. 8. 38. 9. («) 18906*. (ti) 7920. (Hi) ”5376. 

(tv) 252. (v) A. 10. 210 ; 0. 12. 5. 14. 770. 15. -640. 

10. a-!,i»=*7. 17. a=f*»-.l6. 18. (2+3)*. 19. 997002999. 

EXERCISE XL, Page 165 

it In—8)th ; (n— r+2)tb ; (n—^ 

8. 2“—1. 4 . 2**. 5. 2». 6. (x+2)^-*.— 




INTERMEDIATE ALGEBRA 


2* 2 n 

.... ... . 9 _ — _ 

I w—1 i n-fl ’ ' I n —2 | *+2 * 

-r-=---v"* r ' H (2z) r “ 1 ; 

l^+ l _ 1 |»-r+r ' 


;3« 1 „ ^ 

,k ' 2 T » K* ‘ 3 -*c^-; 


j 2 n 


EXERCISE XLI, Page 167 

1* (*) 6 tb. (n) 9th. (Hi) 6th and 7th. 2. (#) 4th. (**) 5th, 
3. (♦) 3rd and 4th. (it) 5th. (m) 4th and 5th. 4. 4th. 

EXERCISE XLLI, Page 172 

(it) a^—la 

(*“’ 4 +V +T+?~ (•■’> 1 +*+1 «■+ ‘-+f 

*• » “+ T* . 


“I '•+ T f »«*-«*•. 

^ «u*+*» .. 


no 

243 


* r ~ 11 - ("” l) r ™—~ry~—#<$ numerically. 


c /-v 208 , 

5 * W “ “S '* 7 


(m) 


14 

729 




, - .29 
L 4 +48*‘ 


<w) 1—g-*. 5. 2-~x. 6. 5*775, 7 835, 5*273. 

f . *03 cubic feet. 10. ’003 cm. 18. 1*127. 13. U) 5 00090. 

82. (m) 1*00067. 

15.127*1067. 16.10 0067,5*0133. 18.1*25992. 


(it) * 10 . 

.. v —*13 . 

y {tv) em^ - • 

EXERCISE XLIII, Page 175 
*-2+~*. 3. 1-i^r. 4. {*) 1 - H*. 

5. 2-~x. 6. 5-775, 7 835, 5 273. 


• W* T * 
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EXERCISE XLIV, Page 179 

t. (») Third, positive. («) All terms positive. 

(«) Thirteenth ; positive. 2. ( i ) 4. + 

3. (») 3»+l. {*, (-lf(n*+2*+2). (m) (-lW» 3 +3»). 

». -!! >«+■)•••>«+'-') 

8. (») Third term. (*»') Sixteenth and seventeenth terms. 

9. (i) 2. (») y/2. (,„•) V2. 

REVISION QUESTIONS IV, Page 1»4 

8. l-2z-2*»-4*». 4. 252. 

6 . . 


t. Mg®'... .0. 2. 

It. The co-efft. of is 1 not 0. 12. ! 0 C S . 2". 3“ ; (- i)*~ l 

> «■ l +l'+5* , “T6* , +4'‘ + a- , +. 

16. 1*1705. 16. (t) 1U-0332. (it) 9*99333. 

(w) 3 9579, *2527. (iv) 10*00999 approx. (t/) 3*002. 
(vi) 4 9959952. 17, (i) 996005996u01.> (»») 2 002. 


19. 


2r+l 


((') 


r" ‘ 2 f 


10099. 


20. (a) 2* (take »=-r and *=-l). (5) 1*00039928. 

21. 4*89893950. 

EXERCISE XLV, Page 188 

3 4 


1 . 


x-2 %-3 

1 1 


a. —i -f -. L . 

3 * 4-1 * 4 * 1 


1 


o - - _ 

*• *3 ' <£= 1 ) 3 * %+2 


*f 1 - 


1 


— x. 


I .... 2 4 

■•?+S?rE+l 


_ 


' *+3 *+2 

. ai 13 1 _L 7 

• 3 + T'F=3 4 •*+!' • V+l 2z+l 

5 2 _ 2 __ ]_ 1 _l L 

■ r= 2x •l >+*^2 !-*• 


* + 3 + fi^5” , *+V 


l 




22 H 


INTERMEDIATE ALGEBRA 


to_!__J 

2r—i 2x—3'3z—5' 


ii _I__L_ j_ 1 

* 6l*+l) 2(x-\V3(x-2) 


12. -_ * _+_ fL _+_*_ 

{u—b)(a—c){x—a\ (b-a){b—c)(x—b) (c— a){c-b)ix—c) 

18.--—— 4- — - 1 — 

x—a-j-b x—a — b x—a 

14. — 4—L-J 15 —?.-^_f-_ A 

*-l *+l *4-2 2(*-l) (*-2) 2(*-3) 

16 — 1 -1 - 1 1 + 1 1 +-* 1 
2 (*—1) 2 (*—2)~ 2 at—3 ' 2 s—4 

17 —_ J_ 

**+3 **+7 


EXERCISE XLVI, Page 191 


o-*)» i-*‘ a< (i-*)* (r=a*' 

8 U_i_ + _J__ + I 

4 ((*+1 •* (*4 1) *-l)* (*—1)) 

4 ._1_ A _ 5 

x-2 2(*-f 1 ) 2(*+I)>‘ 

^ _3 3 ] 

' 2(*-ij*' + 40+ij ' 

« _ 1 , 3 3 + 1 

*-l • (jt—l)*^ (*—!)•* 

7 . 1 _!_ 3 „ 2 3 6 

*-l *4-2 (*+2)» ‘ ' *-l + (*_i)s 3*_4 

9 _L_j__L 1 ,1 1 

’ 2 (*+!)* 4 * 4-1 + 4 ( 7 = 1 )" 

10 * -f._*___ 3 

’ S(*-l) T 3(*4-2) (*+2)»* 

U. * . 4- 5 . 1 + 13 1,5 1 

(x—kf 3 (*—!)• 9 ' r— | + 9 • x+2 

J2 --L —L- -+—Lp. 

XT. X* . X *— 1 

18 J_L _J_+J _ 2 

3 *+3“ 3* ^ *3 
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14. 

15. 


16 . 


17. 


18 


19 


20. 


21 


* 4 * 8 X* X ^ 1 -I 


.2- -i__ + 20__I_ + _2 111 21 

? ‘*- a >* 27 27(*32) + WTt+i)~TlZ+\ 

_10 ^ 5 

*- 3 *' 2 (^“GRT* 

-1 — 1 + 1 » ,2 I 

6 (2*-|)«. t is 2*-r + T TfT' 

_-)-? _ I . 1 

1 _i_L J_+i i 

2 (*>+ 1 )* 4 l +** + 4 *+ 3 - 

** 1 . ¥ | ^a I 

*.--6* (*>+«*)* (PZ^f ,a+ rt f~ (^rrpj^a^ 

(*~T)* + *C-i *+3~' 


1+* 


3 4 - 3 * 

l +*+T+**' 


EXERCISE XLVII, Page 194 

2 i. 1 . 1 *+2 

s i^i+TlFIS 


B 


tio. 


11 . 


I 

1 H. 


■ t * ' - l - x - » 1 -* ' 3 *>+*+1 

__ * . 3 1 — 3 * 

«(*~2) 8(*‘+4T • 2(5=1) + 2(H^r 

I 1 1 J I *-l 

6 \*— V) “~2~ Jr4 I +7 l+r"+*» ’ 

. *_ _ _i_ n _ *_ * 

**+* *+l' •2 + **-3TTa- 

__ 7 *±» 1 » ' I , 

a *y+ 2 *+ 5 » ' 2 (*-.,■.-27^+2^) 

l*-*)* T- 2+a> -T+l ‘ 

-i f_L , 2 , 3-3* -1 

12L* + 2 + *-4 + **—k+ZJ 

.*W pii+asrW-iiTO- 


20 ***+* 
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INTERMEDIATE ALGEBRA 


, . 1 . 2X+4 1fl _1 1 

15 ' 1+ T + S+i+i # 2 x 2j rX-\-l 

1 C *4V^ V2 ) 

• -2V2(**+V'2*+ 1 

i-a 2 


1 

+ 2 


1 

*+1 


18. 


19. 


2V2 (z a 4V 2 *+1 **- y 2*41 
1—a 2 l-fc 2 

(5*^fl*K?+4i*) + (a 2 -A 2 )tx 2 -f 6 2 ) 
a; 1 

«»-!-*+2 — * 2 +*-H * 


21 


22 


x*-yx-\- 2 x 2 +x+l 

on 1 ( 1 JL _A * ? 

a 9 \x—a x x * ■*■**+«*) 

a, . i. *+* »_*=L ... 1 . * 

2 ^ 4 ' l-fa* 4 l+x 

„ x—1 I x—1 
a3+l + (x‘+l)« — **+2 ' 

28 - 4 i — 5 , - * 

# 9(x+l) 2 '9(a: 2 —^4*1) * 

t 1 * 1 . 

Z *’ 4 (*4*)* - 

26 %A -— _l_ -i- - g - 

* * 4(*—1) ' 4(*41) ‘4**41)’ 

1 2 
S(a—1) + 9(. 


24. 


3(**4*+ 1 


EXERCISE XLVIII, Page 196 


l -nTI ;1 - ^ 2 -S^i'l 

3 * _ 1 - 1 4 

' 14 2 "* 14*’ z{l+x) * 

r 11 1 ( 1 , 1 1* 

• 18 “ 3 V n41 + n42 + ^f3 / 


3/i41 


(n41)(«42) 




i[3 + 


- 12 
7. -3-3-(-I)^ 

9 . - l -(- l )\ 


10 


-JL_ + _i_ . 7 , 

H-aJ +i_, » '• *■ 


ANSWERS 
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REVISION QUESTIONS V, Page 190 


1. 


1 


4 


2 . 


I 


+ 


1 


\_ 

x 


5. - 


l) "* x 2 ' l+z 
1 1 1 1 _8_ 18 

6 *#—l 6 # *4l 3 x — 2 

3 1 3 17 1 


3. 


1 




4. x— 


1 


3 x+2 


25 ’x-h2 + XT'xS^ o (*-3) 

1 *4* . 1 x—\ 

2 'z*+%+1 ~~2 * x 2 -x-\-\* 

1 _ aH _ b 2 x 

~ (a*—S a ) % 2 +/> 8 
1 1 


+ 


a* 


A. 


7. 


(a s 

1 


b 2 ) 


1 2a: 4 1 


-- « 


12 - 


**4a* 

g . 1 . J_ 1 _ 

4 I 4 X 4 1—2 14** 

1* 1 1 m 1 2x ~ l 

' i+z*~~ z* + x** * 2 **—aT-f-l 2 * a 4*+! 

U _ 

' a; 1+a* (14 * 2 ) 2 (14* 2 ) 8 ' 

9 _J 1 a: —2 9*47_. 

25 x+2 5 '(**+!)* + 25'x 2 -+-l) " 

1R /A ^ I 1 x ® 

18 ’ (0 Vi^-T^IF+V 

... 3 3 1 

W H>i*-2) 101x4-2) + 4i*+2) a ' 

t . 1 11 2 

* (t) 27 (* 42 ) X7f*-l) + 9(x-l) a+ 3Hx—1/ 

.. 1 _ 1 2 ( 1 -x) 

[U) 2[X-l) lU(«+f) + 51**44)' 

15. -pj-— • 16. , ' ■ 17. 4f*+f+l. 

14* n4l4* 14* 

18. (f) - \ . (U) -gj. i». 1+(-!)-• 

20. (— l)«(2” +1 4-2«41) provided -*$ <*<J. 

DELHI H. S. PAPERS, Page 198 
1. (*) 4J. (u)tViV 3. 997002^99. 4 *=ll >: y=»8 


0. 2, 


-10 


10. (i) 1. -9, -4±2i/-5 


(H) —14 a/ 7, —1 4^/23 (extraneous roots). 
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INTERMEDIATE ALGEBRA 


U {i) ah * 2 -(* + b)x+l=0. («) z*-2*+-3=0. 


13. _ (a) 


18 ' 


( b) 1120. 


(c) -462a, 


462 


16. (,) *==|. ( tt) i. 19 0. i 3 . 

H 7 ’ 7 < 2 +V 3 ) 28. (if 1890a 4 . (,*» «=H * 

24. 210,84^ 25 (-lj n8 %. ? 6 . 64 27 

(«) 15, ; *=— 2 , y* —io. * 

87. /> 8 **— pq'-x + ^z— 2r/>)2r=0* 28 J 0 ^ 00 . 

.... ar* 


29. (i) 27, 


25 

147" 


30 • -^pth term 


PUNJAB UNIVERSITY PAPERS, Pa*e 201 

1949 ” 

3 - ( fr ) (»') , 5 T [H>" +1 -9n-10]. (jj. 

3. (a) 19600 (6) 56. 4 („) 6 -5_ 1 ±y37 

3 6 


( 6 ) 


2(x+I) + 2<z+I)‘ ' 2(*s+l) 

C / L V A //V . 1 1 ' 


8. (a) 15. (5) 2V2—l. 


1950 


1. (a) ( ca'-c 1 a) t =(bc 1 ~-b'c)(ab l -a l b). 

{b) (i] ~T~ • <**> 1=3 ■ >=2 ; ir,= — 2, -3. 

2 - < 6 > (l^T_*r) ‘ 8 ' <*> ‘800. 

4 - < f > 

1951 

« 3p+1 3 . 

*’ 2 2 —2 (*) ^=4. 


(«) 


/“• »'tj ff. y-±J 

. -lo N . 


3 * 


8. 360. 


ANSWERS 
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5. (i) 


1 


1 


+' 


x+l 




5(*-i-2) 10(*+3) " r iy^ 2 +i) 

iii\ _ _ 1 2 2 2 

(*—1 +x-2' 

1952 


1 . (i) 3= - 

1 ,13 

2 185. 

1 


9 


13 


(*) 

(«) 


1 


(«) *=3, 6 
>’=10, 5. 

3. 4 1329793. 
1 —* 


3lx-|)+ 3 «*+*+! ' 

, _ 3 _ 2 

(*-2) li- 5(*—2) + 5(*+3) * 


°.U. QUALIFYING EXAMINATION PAPERS, Page 205 

1849 6 

1. (a) 4, 5, — \*(Extraneous) {£) - - _i_ , 

tr\ /ov ~ ,J*T l >V x ~ l 


*-f-3 


(c) ±(\/3-f-i\/2). 2 ( 6 ) V*+y(2?—£*)+g**|). 

, n ' W (ca l ~ < 2c 1 )=(a6 1 ^a^)(5c l -c6 1 ) 

3. (a) n J*±R - 8 

\ / Q 


1 -ti 




nx* 


(C) (t+J)*“liV- 4 ' 15 (0 462. 

. («) o UC 7+ 1 ' C *+ 11 Ce+ 1, C 10 4- 11 C 11 - 

3. («) 31*594. (6) l6 C f x 3u ~ tt ' f io5 16 C 

1050 ’ ’ 4 

. 1 (*) l, ~4±W-20. 

9 —29 

** 2 ~* ~ 74 “ extraneous). 

(«$*) *=9, y=7 ; *=7, ^,=9. 2 (6) 841i*—174*—40=0. 

2 a 6 „ 


(e) *« l. y 

*\*8 5. («) 


«*+*» ' 


3- (c) 1 ). 

3 l-3z 


75 -. («>) 3 005, (c) - . _ 

+2 (**+») 

j Jj; 1951 ' 

' kL 18 ' 4' /q ( * V) 4 ' ~ l » 4 - («») jV=0, *= ± 1 

and *=±V3.>«== ; tv' 2 - 

8 (0 ±(V7-2/Zrr,. a. ( C ) 1 


(!-*)» 
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LNTERMJfiDIATJfi ALQKBKA 


(b) 12. 


-- 5. (a) 


189a 17 21a 1 ® 


8 


5. ( C ) 


l 


2(07 — 1 )* 


+ 


+ 


l 


16 

1 




4(x—l) a r ~ 8 (x — 1 ) 

1952 

*• (b) 5,3. (b)_fi*-3pq. _ 

2 * (*) 5, (ii) -1 ± 4 */ -1. -1 ± v^80. (m) *=6, v= 4 

«(2»— I )(2n-f-l) 


* ( 6 ) 2 . ( C ) 

5. (c) 1 


4. (c) 230. 


a;-f-2 


4. 


3(*-l) 3(**+*+l) ' 

D. U. ENTR\NCE SCHOLARSHIP 
EXAMINATION, Page 207 

1916 

1 - (“) (*) 1. V* • (*’*') *=2, >=1 ; x= —l,y=—2. 

(6) 36 or 40. 2. (*) ?*L. 

3. ( 6 ) (») 8 «. («) 1490. 

<“> *+sjs=irspgn F ii- m 100484 

1947 

* (*) ~f» . (u) — 2 (extraneous), y (eatfra). 

2. a;*— 2 />a;-f 9 *—<?=0. 

4. (t) 5. (u) 2»-fn ; 2 i *+ 1 4-1«(»-|-1)-2. 

2«(2«—1)(2«—2).(-y + ^ +1 ) 

6 - W 14 - <*> - T y ,8n —r ) ‘ - 

1918 

1 . (») | ( extraneous , —*| (extraneous ). 

(uj ar=±l,^= 0 , x=v'3, i /2 ; 

*=-V3. y=±V2- 2. f=4 

3. ^h=2w 1 *|*^"I"3 J Sd=*^ (4n*-f-9#i-f23). 


4 . 4096 


5 (*) OTZ 


1 


2 («*-*+l) 2 l*»+a:+i) 





